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Abstract: Besides the simulation of daylight luminous intensity 

distribution for interior architecture, spectral rendering of the 

sky hemisphere has been a rather important task for the video 

game developers. A veridical panorama under vigorous 

conditions in real-time requires a credible sky model as well as a 

prompt algorithm. The main purpose of this work is confined to 

the generation of an interactive WEB application which can run 

on any general purpose device lacking dedicated graphics 

processing but still can achieve sub-second response time. A 

convincing clear/turbid sky reproduction for both daylight and 

twilight was possible thanks to the employment of a single-pass 

semi-analytical model without the necessity of any pre-

computing or recursive numerical integration effort. The highly 

parameterized structure enables to experiment many 

meteorological variations such as turbidity, altitude or ozone 

layer thickness. The shadow of the Earth has been empirically 

included into the algorithm in order to construct the Venus Belt. 

Some rendered images are compared against real photographs to 

evaluate the soundness of the proposed framework. The 

imitation of the Martian sky appearance has further been 

demonstrated in order to reflect the flexibility of the model to 

diverse atmospheric compositions. 
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1. INTRODUCTION 

Atmosphere, the gaseous layer surrounding our planet, is 
vital for the life on Earth, not only for the respiratory cycle of 
the breathing organisms, but also for the protection of the 
biosphere from the hazardous UV radiation by its ozone 
layer. Nevertheless, it further serves as a talented painter to 
dye the sky surface every hour with a different hue and 
brightness. The luminance increases within the vicinity of the 
Sun and also as moved away from zenith. While during 
daylight, azure and turquoise are more overwhelming, all 
other colors are splashed onto the palette as the Sun 
approaches the horizon and especially during twilight. From 
the zenith down to the sky circumference, colors then change 
gradually from dark blue to amaranth, then from yellow to 
orange. The artistic appearance is also amazing sideways; the 
bell-shaped shine just before sunset is squeezed-down during 
the early twilight period while the Venus Belt appears on the 
anti-solar side. It elevates and diminishes when the deep 

twilight enters and the night sky appears with its characteristic 
greenish airglow, the zodiacal light and scattered starlight, the 
counter-glow, Milky Way and other phenomena. The 
appearance of the sky will be heavily influenced under 
meteorological conditions such as haze or pollution, which 
modify both the color and intensity gradient. After all, the sky 
would be dull black without the atmosphere, day and night, 
missing the twilight. 

Rendering of the sky hemisphere has been a rather 
important task for the video game developers, either for flight 
simulators or action games. A realistic view for dynamic 
situations in real-time necessitates a reliable sky model as 
well as a fast algorithm. However, the underlying physics is 
complicated, sometimes even less known. Although a clear 
day scene is relatively easier to produce, computations 
become remarkably complex for hazy evenings or twilight 
conditions. 

By the employment of a semi-analytical model, this article 
aims to realize a convincing sky reproduction, which can be 
completed in less than one second using ordinary hardware, 
deprived of any dedicated graphics processor. The main 
purpose of this work is confined to the generation of an 
educative experimental interactive application; the simulation 
is hence restricted to the clean/turbid air only. It will not 
include elements such as clouds, shafts of light, storms, glory, 
halos or rainbow. In other words, the scope of the application 
is limited to the uniform haze, i.e. to homogeneous media, 
rather than locally dense heterogeneous volumes. 

A full parametric single-pass technique will be used to 
speed up the rendering without any pre-computation. Another 
objective would be to implement the resulting procedure in a 
future work for the evaluation of the star/moon visibility by 
the calculation of the spectral intensity values in the direction 
of the object. The task is therefore focused to achieve 
physical realism more than the visual realism. Howbeit, a tone 
mapping process has been exerted into the scene generation 
for the enhancement of the atmospheric outlook. 

In the next section, prominent research relevant to sky 
rendering will be given. After that, the proposed model along 
with some basic theory is explained. Consecutively, the 
demonstration tool designed will be introduced. As a 
conclusion, simulated sky images are collated with 
corresponding photographs to visualize the performance of 
the submitted design. 



2. PREVIOUS WORK 

Attempts for presenting models about the sky simulation 
began with the advance in computer technology. The basic 
aim is to express the overall or the spectral (colored) radiance 
throughout the sky hemisphere. There appear three basic 
characteristics of the sky radiance for daylight (Figure 1, top): 

• For a clear or moderately hazy sky, the intensity 
increases as the vertical view angle from zenith θv 
grows. This stems from the lengthening of the optical 
path, which will be analyzed in the next section. 
Contrarily, the gradient may be inversed under heavy 
turbidity (Figure 1, bottom). 

• The brightness decreases as the line of sight moves 
away from the Sun in any direction, i.e. as the 
incidence angle γ increments. The amount and 
steepness of this decline depends on the quantity and 
type of the haze particles. 

• The luminance increases again in the vicinity of the 
opposite position to the Sun, owing to backscattering. 

These three attributes of the sky luminance distribution can 
be expressed in terms of the two angles, namely the view-Sun 
angle γ and the view-zenith angle θv. Other basic parameters 
affecting the brightness and hue composition will be the 
turbidity T, the Sun-zenith angle θs (especially for 
sunset/sunrise and twilight conditions), the observer altitude 
H and also somewhat the ozone concentration DU. 

 

 

Figure 1 – Clear & Overcast Sky Panorama 

The efforts relating to a reproduction of the sky-dome can 
be categorized in two distinct approaches; either analytic or 
physically-based. Analytic models use approximations of how 
light is scattered in the atmosphere as to compute radiance 
values. They were initially settled on empirical observations 
when a precise scale light transport simulation was not yet 
practical. As the physically-based radiation transport 
equations were refined and the computational capability grew, 
accurate calculation of the spectral luminance composition 
became possible, using a technique known as ray-tracing. 

Then, the previous analytic models are attempted to be fitted 
to the results of these large scale light transport simulations of 
atmospheric scattering. A short history of the aforementioned 
approaches is presented below. 

In 1987, Klassen devised a simple analytic model, 
assuming the atmosphere comprising of two discrete constant-
density planar layers, the upper containing only air molecules 
and the lower both molecules and fog [1]. In 1991, Kaneda et 
al. improved this method by considering the atmosphere as 
spherical with the air density changing exponentially with 
altitude [15]. Later in 1996, Nishita et al. extended this model 
by including color information [17], which was further 
renovated as to include multiple-scattering [16]. These 
models rely on accurate brute-force implementations, which 
simulate the exact radiation transport of the light in the sky. A 
common drawback with such models is hence their low 
execution speed, since these ray-tracing computations 
necessitate nested numerical integrations with much iteration, 
especially when multiple-scattering is regarded. A real-time 
processing of the complete sky-dome became then 
impossible. To overcome this inconvenience, they made use 
of pre-computing, by calculating some quantities prior to 
integration and store the data in lookup tables (LUTs). 
Dobashi et al. proposed to pre-calculate the intensity 
distribution at grid points of the hemispherical sky-dome with 
the Sun elevation as parameter, using spherical harmonic 
cosine (basis) functions as Fourier series; the sky color in an 
arbitrary direction is then obtained by the linear interpolation 
[14]. Guimera et al. proposed a physically-based spatio-
temporal sky model, which should accurately describe the 
temporal and geographic dependence of the atmospheric 
composition, in contrast to an average stationary model [19]. 
Elek & Kmoch presented a physically-based real-time 
rendering of planetary atmospheres and water surfaces, 
allowing simulation of arbitrarily dense planetary 
atmospheres and adding support for large-scale water bodies, 
using a 4D-table for atmospheric scattering [22]. 

Analytic models build a set of parameters used to evaluate 
the sky outlook, thereof they are either limited to sea-level or 
the atmospheric parameters can’t be changed freely to 
simulate e.g. extraterrestrial planets. Physically-based 
rendering models on the other hand are intrinsically slower 
but more accurate; storing pre-computed data in LUTs 
shortens the execution speed at the expense of restricting the 
flexibility. 

A third category is Image Based Rendering, where light 
entering the full sphere of directions around a point is 
captured by specialized camera hardware and then stored in a 
high dynamic range (HDR) environmental map. An artificial 
neural network can calculate sky illumination in a machine 
learning driven approach, where the basic sky parameters are 
required as an input (feature vector) and RGB triplets are 
required as output [30]. 



The analytical models offered by Perez, Preetham and 
Hosek-Wilkie will be explained below in some more detail: 

2.1 Perez Model 

One of the famous empirical frameworks is the Perez All-
Sky Model (1993), which formulates the daylight luminance 
for any sky direction: 

F(θv,γ) = (1+A·eB/cosθv)·(1+C·eD·γ+E·cos2γ) 

F(θv,γ) is the product of the indicatrices F(θv) and F(γ), 
which give the luminance as a function of the view-zenith 
angle θv and the incidence angle γ, respectively. The five 
coefficients of the formula are defined as: 

A: Darkening or brightening of the horizon 

B: Luminance gradient near the horizon 

C: Relative intensity of circumsolar region 

D: Width of the circumsolar region 

E: Relative backscattered light 

The coefficients A and B seem as if they represent the 
vertical gradient explained before in the 1st bullet; C and D 
modify the intensity peak around the Sun referred in the 2nd 
bullet; whereas E adjusts the backscatter ratio mentioned in 
the 3rd. The Perez equation, in a slightly different form, has 
been adopted by CIE as a standard1; the coefficients A to E 
for a clear sky are determined as {–1, –0.32, 10, –3, 0.45}, 
respectively (CIE Standard Clear Sky, low turbidity, Type 
12). The first coefficient becomes positive (A = 4) in case of 
heavy turbidity, resulting in a decrease in intensity towards 
the horizon (CIE Standard Overcast Sky, Type 01), which 
was defined by Moon & Spencer in 1942: 

Y(θv) = Yz·(1+2·cosθv)/3 

The dependence of the CIE sky luminance on the view-
zenith angle θv and incidence angle γ for different sky types 
are shown in Figure 2 and Figure 3, respectively [56]. Type I 
is an overcast sky with no circumsolar brilliance, Type III an 
intermediate sky with a smooth vertical brightness, and Type 
VI a clear sky with the sharpest circumsolar & vertical 
gradient. The turbidity should hence decrease with 
incrementing type number. 

Since the Perez formula gives the luminance relative to 
zenith, the absolute luminance can only be found if the zenith 
luminance is known: 

Y/Yz = F/Fz = F(θv,γ)/F(0,θs) 

                                                           
1 ISO 15469:2004(E)/CIE S 011/E:2003, Spatial distribution of daylight – 
CIE standard general sky. 

Here, Y is the absolute luminance in any view direction; Yz 
is the absolute zenith luminance and θs the solar zenith angle. 
The incidence angle γ can be calculated by the following 
formula, where ∆ϕ denotes the delta azimuth angle, which is 
the difference between the view azimuth (ϕv) and the Sun 
azimuth (ϕs) values: 

cosγ = sinθs·sinθv·cos∆ϕ+cosθs·cosθv 

 

Figure 2 – Zenith Angle Indicatrix F(θv) 

 

Figure 3 – Incidence Angle Indicatrix F(γ) 



This spatial daylight model can produce sufficient results 
regarding the luminance only; yet it lacks the color 
information. Besides that, all of the coefficients should be 
redefined for every degree of haziness. Another drawback 
with this model is that the Sun elevation is not a parameter, 
which demolishes the reliability at low solar vertical angles.  

2.2 Preetham Model 

Preetham et al. used the Nishita’s spectral model to acquire 
reference images for various turbidity and solar elevation 
values. Using these images, they tried to fit linear functions 
for the Perez coefficients with the turbidity T and solar zenith 
angle θs as parameters [25]. This process was repeated not 
only for the luminance Y, but also for the chromaticity values 
x and y. This way a color distribution xyY along the sky could 
be obtained. In general, the Preetham model can be 
formulated as such: 

Ax = FAx(T) ... Ex = FEx(T) 
Ay = FAy(T) ... Ey = FEy(T) 
AY = FAY(T) ... EY = FEY(T) 

 
xz = Fxz(T,θs) 
yz = Fyz(T,θs) 
Yz = FYz(T,θs) 

The Perez coefficients are just tripled, one set for 
luminance (AY to EY) and two sets for chromaticity (Ax to Ex 
and Ay to Ey). Each is calculated by a 1st degree polynomial of 
the variable T. The zenith luminance Yz can be calculated by a 
relatively simple formula; chromaticity equations xz and yz on 
the other hand, hold polynomials of 2nd degree for T and 3rd 
degree for θs. The coefficient matrices are excluded here for 
simplicity; but as comparison, the Perez-equivalent luminance 
coefficients AY to EY for a very clear sky (T = 2) are computed 
as {–1.11, –0.28, 5.28, –2.34, 0.24}, respectively. 

2.3 Hosek-Wilkie Model 

In 2012, Hosek and Wilkie announced an improved version 
of the Preetham model, by extending the former formula [3]: 

F(θv,γ,g) = F(θv)·F(γ,g) = 
[1+A·eB/(cosθv+0.01)]·[V+C·eD·γ+E·cos2γ+G·χ(g,γ)+I·√cosθv] 

New coefficients were added; V replaces the constant term 
1 to get now absolute luminance quantities instead of relative 
ones. The intensity peak around the Sun can be described 
better with a special function instead of a simple exponential; 
so the Henyey–Greenstein formulation χ(γ,g), as modified by 
Cornette and Shanks in 1992, was introduced [2]. This 
includes an anisotropy (directionality) parameter g to define 
the shape of the circumsolar peak: 

χ(γ,g) = (1+cos2γ)/(1+g2−2·g·cosγ)1.5 

The last term I·√cosθv diminishes the intensity near the 
horizon such that the circumsolar ring is broadened at low 
solar elevation to resemble the bell shape. The constant value 
of 0.01 added to cosine of the view zenith angle aims to 
eliminate the singularity on the horizon. The absolute 
luminance is obtained by the following equation, where LM(λ) 
is the expected spectral radiance: 

L(λ) = F(θv,γ,g)·LM(λ) 

Now the indicatrix equation has eight parameters plus the 
expected luminance; so 9 tables are constructed in total. Each 
table contains 120 coefficients (10x2x6) to cover the turbidity 
from 1 to 10, the ground albedo (reflectance of the Earth’s 
surface) from 0 to 1 and also the 6 control points of a quintic 
Bezier curve which parameterizes the solar zenith angle θs. 
For any intermediate value, linear interpolation is applied. 
Hosek and Wilkie as well used reference images for the 
fitting of the parameters; however they built their own brute-
force path-tracer that simulates the interaction between the 
Sun rays and the atmosphere [3]. 

The main problem with the prior Preetham model is that 
the whole horizon reddens at low solar elevations, which 
should rather occur only in the vicinity of the Sun. Hosek sky-
dome has fixed this spectral problem for high solar zenith 
angles, producing more natural images [21]. Another issue is 
the numerical instability, somewhat inherent with any 
empirical approach, such that the luminance may become 
negative with certain values of T or θs. It has been shown by 
Zotti et al. that the Preetham model breaks down numerically 
for T < 1.9 and T > 10 [31]. Other shortcomings declared are 
that the horizon is shown unnaturally bright when the Sun is 
low (depicted as “totally unrealistic horizon glow”) and that 
the brightening around the Sun is too weak; that it does not 
properly reproduce the noticeable darkening of the sky in the 
anti-solar hemisphere when the Sun is low, with luminance 
values about 2–5 times too high; and that the brightness peak 
towards the Sun is not as steep as measured or modeled. 

Despite the fact that the Hosek-Wilkie enhancement 
improves the Preetham model in many aspects, some 
drawbacks still persist. A research conducted by Kol showed 
that the Hosek-Wilkie model gives wrong absolute results in 
terms of brightness, which was attributed by the author to the 
inherent missing of the zenith normalization due to the 
anisotropic term [4]. Moreover, the model was claimed to 
produce a too bright circumsolar ring near sunrise or sunset. 
It was further argued that the Hosek-Wilkie method produces 
unsatisfactory results for certain values of turbidity and 
surface albedo. 



3. PROPOSED MODEL 

The model offered by this paper can be described as semi-
analytic, in that it is grounded on the basics of the physical 
radiation equations, but empirical solutions are employed 
where a full compliance to theory would be either too 
complicated or time consuming, especially for handling the 
multiple-scattering phenomena during twilight or under heavy 
turbidity. 

So in this section, the analytical approach along with the 
suggested model will be explained. Necessary background 
knowledge regarding atmospheric optics will be given by 
studying the principal factors influencing the sky-dome 
appearance like single- & multiple-scattering, absorption, 
aerosol content, altitude, gaseous layer structure, air mass and 
optical depth. The description of the model will be realized in 
an evolutionary way such that it is developed from elementary 
assumptions with least parameters and then matured 
incrementally by including other affecting factors. 

It was mentioned in the Introduction section that without 
the existence of the atmosphere, the whole sky would be deep 
black, as could be experienced on the Moon for example, 
except for a small circular area with the diameter of nearly 
half a degree, or the solid angle Ω of 68 µsr, which is the 
apparent angle the Sun subtends on the sky. This tiny portion 
would however be extremely bright, since it would carry 
almost all of the solar radiance. 

Here the difference between the radiometric term radiance 
and the photometric term luminance needs to be clarified, 
since they can be used analogously. The radiance is the 
energy flux per unit projected area per unit solid angle, with 
the unit W/m2/sr. The extraterrestrial solar irradiance I0 
amounts to 1.36 kW/m2, which in fact fluctuates slightly with 
the Sun-Earth distance throughout the year. This is total 
radiant power over the whole spectrum. The light intensity 
(brightness), as perceived by the human eye, depends on the 
ocular sensitivity to the wavelength and it is expressed by the 
luminance, which is the luminous flux per unit projected area 
per unit solid angle, with the unit lm/m2/sr (or cd/m2 or lx/sr 
or nt). The highest value of the luminous efficacy ε, i.e. the 
luminance to radiance ratio is 683 lumens per watt at the 
wavelength of 555 nm, where the sensitivity of the eye is at 
most. The overall solar luminous efficacy ε is 93 lm/W [5], 
such that the Sun’s direct illuminance equates about E0 = I0·ε 
≈ 126 klux. Its luminous efficiency is hence calculated as 
93/683 or roughly 14%. The extra-atmospheric solar direct 
luminance can be found by dividing the direct illuminance to 
the solar solid angle, resulting in L0 = E0/Ω ≈ 1.9 Gcd/m2, of 
which only 80% reaches the Earth surface at maximum. 

The human eye can discriminate colors under well-lit 
conditions by the cone cells within the retina, which is called 
as photopic vision. There are three types of these cells, 

reacting to Long, Medium and Short (LMS) wavelengths. 
Output of these cells (the tri-stimulus values) is combined in 
the brain to produce the color perception. The response of a 
single type of cone contains no information about the specific 
wavelength of excitation, since its output will be the 
integration of spectral irradiance over its sensitivity (principle 
of spectral univariance) [13]. Hence, two stimuli with 
different spectral irradiances can produce the same cone 
answer, i.e. the same color will be perceived by the observer, 
if their integrated color responses match. This phenomenon is 
known as colorimetric metamerism, and the two stimuli are 
metamers. For any credible atmospheric color distribution, it 
is therefore necessary to first obtain the full visible spectral 
sky irradiance and then convert this information to RGB 
values by integrating over each cone sensitivity function.  

The CIE XYZ color space defines Y as luminance and the 
XZ plane contains all possible chromaticity at that luminance 
visible to a person with average eyesight. The color matching 
functions (CMF) x(λ), y(λ) and z(λ) define the spectral 
sensitivity for the CIE tri-stimulus values X, Y and Z. In 
order to convert the sky irradiance into CIE XYZ color space, 
the spectral irradiance Y(λ) should be multiplied by each 
corresponding CMF and integrated over the wavelength for 
the visible spectrum λ = [380, 780]. Then the XYZ values 
will be converted to the sRGB color space, a rendering 
standard for monitors and printers, using the XYZ to sRGB 
conversion matrix. Alternatively, Y(λ) can be multiplied by 
each CMF of the CIE RGB color space (Figure 4), which are 
r(λ), g(λ) and b(λ). Nevertheless, the result in both cases will 
be the linear RGB, which will be in turn subjected to the 
gamma correction by the use of a nonlinear transfer function 
in order to get the final sRGB triplet. Gamma correction is a 
compression technique to increase the 8-bit dynamic range. 
Another widely used color space is CIE xyY, which is a 
normalization of the CIE XYZ [4]. 

 

Figure 4 – CIE1931 CMF Curves for RGB 



In practice, the weighing and integrating is done 
numerically; the scatter algorithm is recalled by scanning the 
visible spectrum in 5 or 10 nm intervals, multiplying the 
outputs over CMF data tables and then accumulating [8]. This 
is the precise but slow method which is more suitable for 
offline rendering; for real-time graphics, it is a common way 
to plug three sample frequencies directly into the equations, 
resulting in an RGB triple [36]. This approximation, besides 
being very fast and simple, has also been appraised as quite 
accurate [32]. The most preferred wavelengths for R, G and B 
are 680, 550 and 440nm, respectively [18][28], even though 
other combinations like 650, 570 and 475 nm are possible as 
well [36]. 

To promote the execution speed, the model presented in 
this paper will make a direct use of wavelength triplets for the 
RGB channels, omitting the exhaustive integrations over 
CMF. Nevertheless, the combinations will be customized for 
each of the Rayleigh, Mie and Ozone cases. 

3.1 Optical Depth 

When an electromagnetic wave is propagated in a medium 
other than vacuum, some of its energy will be withdrawn by 
the particles of the medium by two ways, either by absorption 
or by scattering. Absorption causes the photonic energy to be 
converted into heat (and of course to be radiated at a much 
lower frequency as a black body), whereas scattering is the 
diversion of the energy with the same wavelength into other 
directions. There are other types of energy conversion such as 
fluorescence, phosphorescence or chemi-luminescence 
(causing airglow), but all will be regarded as absorption 
within this context. A light beam with an initial irradiance of I 
will then loose it continuously throughout the atmosphere, i.e. 
it will attenuate. Attenuation (or extinction) is the sum of 
absorption and scattering, both being proportional to the 
density of the particles σ and the path length s. As such the 
following equation is valid: 

    dI = -I·k·σ·ds 
∫dI/I = -k·∫σ·ds 

The term k is named as the attenuation cross section which 
is constant for a specific particle and wavelength, and σ 
represents the particle number density per volume. Integrating 
over the entire atmosphere from sea level to infinity (space): 

-ln(I/I0) = k·∫σ·ds = τ 
  I = I0·e

-τ 

The solar irradiance measured on the Earth surface I is not 
zero of course, although the beam is integrated over an 
infinite length because σ quenches with a gain in altitude. The 
optical depth τ is again wavelength and particle dependent. 
This exponential relation is known as the Beer-Lambert Law. 
If the atmosphere were homogenous with a constant density 

σ0 (at sea level), then it could be taken out of the integral such 
that: 

τ = k·σ0·∫ds = k·σ0·v 

The value of v which maintains this equity is called the 
vertical column length and such can the atmosphere be 
considered as a constant density layer of thickness v. 

3.2 Scattering 

When the solar rays enter the atmosphere, the scattered and 
diverted energy illuminates the dark portions of the sky away 
from the Sun direction. Since scattering is lossless the energy 
is conserved. The brightness of the Sun (direct luminance) 
will thence be decreased (out-scattering) in favor of an 
increase in the diffuse luminance (in-scattering). The 
scattering is strongly wavelength dependent; blue is more 
scattered than red, such that the Sun, as seen from Earth, 
reddens and the sky is painted in blue. If all of the solar flux 
would be scattered uniformly and isotropic, the diffuse 
brightness would be Y0 = 126 klux / 4π sr ≈ 10 kcd/m2. In 
most cases the diffuse brightness changes with the view 
direction; the basic task in any sky rendering is herewith to 
calculate the diffuse luminance Y at a certain view direction 
∆ϕ & θv, and the general equation is expressed as: 

Y = Y0·F(λ,∆ϕ,θv,H,T,DU,θs) 

By scanning the parameters λ, ∆ϕ (or γ) and θv for specific 
values of H, T, DU and θs, the spectral brightness value for 
each pixel of the sky scene can be obtained. 

Scattering characteristics strongly depends on the size of 
the scattering particle, or rather on the ratio of its size to the 
wavelength. So the air should be analyzed separately in terms 
of its basic particles, namely the air molecules and the 
aerosols. 

3.3 Air Molecules 

The main constituents of the atmosphere are N2 and O2 
molecules, the diameter of both being much smaller than the 
visible wavelength. The scattering regime for this case is 
named as Rayleigh [6], and the scattering behavior exhibits a 
weak directional dependence, which is formulated by the 
phase function ΨR as: 

ΨR = 0.75·(1+cos
2γ) 

This classic Rayleigh phase function fails on accounting 
the effect of depolarization anisotropy [19]. A more precise 
form proposed later by Chandrasekhar is: 

ΨR = 0.75/(1+2·p)·[1+3·p+(1-p)·cos
2γ] 



The value of p depends slightly on the wavelength and it is 
declared as 0.01442 for air at 550 nm [37], such that: 

ΨR = 0.76·(1+0.94·cos
2γ) 

The forward- and backward-scattered quantities are equal; 
though the sidewise scattering halves. In contrast, the 
wavelength dependency is quite strong; the luminance scales 
16-fold with a doubling of the frequency as per the empirical 
equation by Dutton et al. [43]: 

R(λ) = 0.00877·λ-4.05 

The blue and green CMFs of CIE RGB color space are 
symmetrical band-pass filters around 440 and 550 nm, 
respectively (Figure 4). Though the matching function for the 
red channel also resembles a band-pass shape centered at 610 
nm, it governs a negative section around 510 nm. The sharp 
increase of the Rayleigh quantity as per the above equation 
doubles the scattered value at 510 nm compared to 610 nm, 
thereby heavily choking the red contribution. That’s why it is 
a common practice to use a higher wavelength for the red 
color (e.g. 680 nm), where the scattering is much smaller, in 
order to compensate for this fact. 

Using this formula and the averaged data supplied by 
Bucholtz [37] and by Bodhaine et al. [43], the following 
scattering coefficients are obtained for the R (680 nm), G 
(550 nm) and B (440 nm) channels: 

R(R) = 0.04 
R(G) = 0.09 
R(B) = 0.25 

The Rayleigh scattering coefficient R is nothing but the 
vertical optical depth τ for a fictitious atmosphere with only 
air molecules at sea level. As the extraterrestrial sunlight 
enters the atmosphere from space, its energy decreases 
continually by out-scattering as per the Beer-Lambert Law, 
which will be gained back as in-scattering owing to the law of 
conservation of energy. Replacing τ by R(λ), the in-scatter 
Rayleigh ratio or the indicatrix FR becomes: 

FR(λ)   = 1-e-R(λ) 
FR(λ,γ) = FR(λ)·ΨR(γ) 
YR(λ,γ) = Y0·FR(λ,γ) 

3.4 Aerosols 

When there are particles with their radius greater than one 
tenth of the wavelength, the electromagnetic interference 
becomes more complex. Mie-Lorenz theory is accepted as the 
best solution for describing the scattering of an 
electromagnetic plane wave by a homogeneous sphere. The 
outcome of such interaction is that the scatter is anisotropic 
where more energy is transferred in the forward direction. 

The directional characteristic of the Mie scattering was first 
approximated by the Henyey-Greenstein. The ensuing 
formulation by Cornette-Shanks includes a common term with 
the Rayleigh phase function and hence converges into that 
when the directionality term g is zero. The complete function 
is given below; χ(γ,g) was expressed in the previous section 
and the remainder is just the normalization term: 

ΨM = [1.5·(1-g
2)/(1+g2)]·χ(γ,g) 

Generally, there exist various kinds of aerosols suspended 
in the air; dust/sand, water vapor/droplets, smoke/pollution, 
each with different radius and refractive index and hence with 
a specific anisotropic factor g. In practice, a mean value is 
applied for simplicity; e.g. 0.76 [18] or 0.8 [12]. The 
distribution and composition of aerosols in the atmosphere is 
strongly bound to ambient factors, and therefore to the area in 
which they are measured; they can be grouped as e.g. polar, 
background, maritime, continental, desert, rural and urban 
[19]. Some examples are g ≈ 0.7 for rural, g ≈ 0.75 for urban 
and g ≈ 0.8 for maritime @ 60% RH [42]. Note that the 
anisotropic factor g is humidity dependent; its value at 90% 
RH is found to be approximately 20% higher than that under 
the dry conditions [44]. 

The amount of Mie scattering depends not only on the 
wavelength, but also on the turbidity of course, which relates 
to the particle concentration. The scattering coefficient can 
then be represented by the Ångström turbidity coefficient βÅ 
and the Ångström exponent α, the latter showing the 
wavelength dependency which is weaker than that of 
Rayleigh, as ruled by:  

M(λ) = βÅ·λ-α 

In contrast to the Rayleigh coefficients which are constant 
at sea level, the Mie spectral values generally alter according 
to the type and concentration of the aerosol particles, just like 
the directionality g. The estimation of βÅ and α will be 
explained in the Turbidity section. 

The scattered vertical Mie indicatrix and luminance can 
thus be written analogously as: 

FM(λ)   = 1-e-M(λ) 
FM(λ,γ) = FM(λ)·ΨM(γ) 
YM(λ,γ) = Y0·FM(λ,γ) 

3.5 Atmosphere Model 

The basic equations derived above hold only with single 
type of particles of equal density in each direction. The real 
atmosphere is far from this assumption, with n type of mixed 
particles, having different density and scatter characteristics 
at every altitude along the optical path. The scatter equation 



becomes rather complex, involving many parameters, which 
can only be solved numerically: 

Y = Y0·∑[kn(λ)·Ψn(γ)·∫Ťn(λ,θv,θs,H)·σn(θv,H)·ds] 

This single-scatter equation assumes the initial sky black 
by considering the Sun as the only light source. But when the 
dome is once painted per this formula, every pixel will radiate 
some energy which should be in turn accumulated along the 
view path, as the 2nd scattering. Multiple orders may be 
necessary for a precise computation. Accurate calculation of 
the sky color by this ray tracing method is computationally 
expensive owing to the numerical integration of scattered 
light along the viewing ray; the reckoning cost increases 
exponentially because of the higher order integrations when 
considering multiple-scattering [9]. 

The rendering method proposed in this paper presumes a 
simplified atmosphere structure as sketched in Figure 5, based 
on which, some approximations for the scatter integration will 
be deduced. This spherical model has two finite-width layers, 
the ozone layer on top (blue) and the intertwined 
molecule/aerosol layer at the bottom with different density 
gradients (red). The ozone layer is absorbing-only, while the 
molecule/aerosol layer is both absorbing & scattering. 
Sunlight with zenith angle θs enters the ozone layer at X2/X3 
and exits at X0/X4. The scattering is accumulated along the 
view path X0-X1 with zenith angle θv. 

 

Figure 5 – Simplified Atmosphere Model 

3.6 Relative Air Mass 

When the upper and lower layer bounds are assumed to be 
parallel planes, the path length of a perpendicular beam along 
the zenith direction will equal to its vertical column length v. 
If, in contrast, the shaft is inclined with an angle θ, then the 
distance traversed will be multiplied with the reciprocal of the 
cosine of the angle. The slant column length s in a parallel-
plane medium can hence be calculated by: 

s = v/cosθ 

The slant length s is always larger than the vertical length 
v. The obliquity ratio of the slant to vertical s/h is called the 
relative air mass m0(θ). For a parallel-plane approach, m0(θ) = 
1/cosθ, which becomes infinity for a horizontal ray. Perez and 
Hosek-Wilkie models use this parallel-plane modeling and 
Hosek-Wilkie refrained from that singularity by simply 
adding 0.01. If we expand our scatter functions by adding θv 
as a parameter in order to include the slant view for a parallel-
plane atmosphere, we obtain: 

FR(λ,γ,θv) = [1-e
-R(λ)/cosθv]·ΨR(γ) 

FM(λ,γ,θv) = [1-e
-M(λ)/cosθv]·ΨM(γ) 

When these indicatrix functions are compared with the 
Perez equation, it can be found that R(λ) and M(λ) are 
somehow embedded into the coefficients A and B; whereas 
ΨM is embodied within C and D, and ΨR within E. 

The plane-parallel approximation m0(θ) = 1/cosθ gives 
acceptable results for high elevation angles. When θ > 70˚, 
the measured values start to deviate from the theoretical ones 
because of the curvature of the layers. The deviation depends 
on the ratio r of the Earth radius to the vertical column height. 
The ozone layer on top has the smallest ratio, while the 
aerosol layer has the largest. So is m0O < m0R < m0M < m0. At 
θ = 90˚ when the rays become horizontal, the relative air mass 
for ozone will be mO(90˚) ≈ 17, for air molecules mR(90˚) ≈ 
38 and for aerosols mM(90˚) ≈ 71 (Figure 6) [48]. Therefore, 
it is important to use distinct parities for every layer, 
especially for ozone [53]. In this manner, an implementation 
which uses the general air mass equation for ozone absorption 
will result in disturbances like excess blue at 
sunrise/sunset/twilight [28]. 

 

Figure 6 – Air Mass vs. Elevation for Different Layers 

There are many interpolative formulations developed in 
order to fit the air mass behavior of the atmosphere. Most of 
them use the apparent zenith angle as the input parameter to 
simplify their model. 26 different equations are categorized 
according to their number of parameters, which are ranging 



from 1 to 6 [55]. The bi-parametric form by Rozenberg, the 
tri-parametric form by Kasten & Young, and the 6-parameter 
version by Young are mostly common. In general, the 
conformity against the atmospheric models, such as USSA-
76, exponential or quartic profile, improves as the parameter 
count increases. 

The aforementioned air mass approximations are only 
relevant for the general air mixture; but since the air mass 
values for each layer deviate heavily from each other near 
horizon, they are not suitable for our model. Another reason 
for the inappropriateness is that the equations diverge at some 
slight negative solar elevation, which is neither acceptable for 
high altitudes nor for twilight. Therefore, the homogeneous 
spherical approximation with a single parameter r, although 
the oldest formulation, is preferred in our model because it 
gives more consistent values with negative elevations (θ > 
90˚) and it is configurable for various layer heights:  

m0(θ) = √(r2·cos2θ+2·r+1)–r·cosθ 

The term r is the ratio of the Earth radius to the layer 
height; but taking the vertical column height v as the layer 
height overestimates the horizontal air mass (by 10% for air 
molecules) because in fact the layer continues to infinity 
rather than it has an abrupt boundary [39]. That’s why those 
values are selected for each layer, which will best match the 
measured behavior2: 

rO =  125 
rR =  500 
rM = 1500 

The slant optical depths can now be defined as: 

τvR = R(λ)·m0R(θv)  
τvM = M(λ)·m0M(θv) 

3.7 Effect of Altitude 

The next factor to be considered will be the observer 
altitude above the sea level. The density of atmospheric layer 
decreases with the gain in altitude. Since the amount of any 
scatter (or absorption) is directly proportional to the number 
of particles in the column propagated, the diffuse luminance 
will decrease with increasing observer height. An exponential 
function is generally fitted for the density gradient: 

ρ(H) = e-H/h 

H symbolizes the altitude above sea level, ρ(H) is the 
relative density being equal to unity at zero altitude, and h 

                                                           
2 The variable of the spherical air mass approximation is the apparent 
(refracted) zenith angle, whereas our sky model uses astronomical (not 
refracted) angles, which has been considered in the matching process. 

indicates the scale height, where the density falls off to 37% 
of its sea-level value. The particle count ratio of the layer 
column above the observer to that of the total column from 
sea level up will be σ(H) = ∫ρ(H)·dH, integrated from H to ∞, 
which equals to e-H/h. So, for an exponentially decreasing 
density gradient, the altitude function for the scatter equation 
will be σ(H) = e-H/h. 

Scale heights are different for each layer; we assume hM = 
1.2 km for the aerosol layer [12][17][18][22][28][32][35], 
and hR = 8.4 km for air molecules [8][9][36]. The vertical 
ozone concentration is somewhat different from the others; it 
is rather low from the sea level up to 10 km, then increases 
gradually from 10 to 25 km and then decreases back until 40 
km [10], which can be approximated as a tent function of 30 
km width centered at 25 km altitude [12]: 

ρO(h) = max(1−|H−25|/15,0) 

Nevertheless, the mean height and thickness of the ozone 
coating changes throughout the year and also upon the 
geographic coordinates, especially latitude (Figure 7) [53]; a 
precise altitude equation for ozone is hence not possible. 

 

Figure 7 – Ozone Thickness vs. Altitude 

Furthermore, it has been shown that conversion of NO to 
NO2 by photolysis near dusk causes a decrease in the 
effective layer height [29]. We will therefore use an 
exponential function for the ozone layer with a scale height of 
hO = 40 km as a crude but yet adequate approximation. The 
altitude corrections become thus: 



σO(H) = e
-H/ 40 

σR(H) = e
-H/8.4 

σM(H) = e
-H/1.2 

A further effect of elevated observer height is the 
downshift, or dipping of the horizon. Although this is more 
discernable in an aircraft or from space, it can also be 
distinguished on highland when there are no obstacles 
hindering the view, e.g. on top of a mountain. The apparent 
horizon will then occupy a zenith angle > 90˚. The amount of 
the downshift ∆e can be calculated by: 

cos∆e = 6371/(6371+H) 

With elevated altitude, the sky luminance decreases in 
every direction; however, the most illuminated portion will be 
squeezed down to the bottom, where θv > 90˚. So it is 
important to stretch the scene vertically to include the whole 
angle span of 90˚+∆e. A 30˚ standard scene, bottomed with 
the geometric horizon is compared with the scene extended 
by ∆e in Figure 8 (top and bottom, respectively). For 20 km 
altitude, the dip is about 4.5°. 

 

 

Figure 8 – Standard & Extended Scenes for 20 km Altitude 

 For this lower part, we should use a modified height 
parameter, namely the corrected view height Hv, defined as 
the difference between the observer altitude H and the height 
of the cross-section point X of the ray tangent to the Earth in 
the view direction Hw, as shown in Figure 9. 

  

Figure 9 – View Height Corrected for Altitude 

The corrected view height is thus computed as: 

Hv = H    « θv ≤ 90° 
Hv = H+6371-6371/sinθv  « θv > 90° 

The altitude corrected air mass will then be equal to m(θ) = 
m0(θv)·σ(Hv). The slant optical depths in the view direction θv 
at an altitude H are hence given as: 

τvR = R(λ)·m0R(θv)·σR(Hv) = R(λ)·mvR 
τvM = M(λ)·m0M(θv)·σM(Hv) = M(λ)·mvM 

3.8 Refraction 

Atmospheric refraction is another optical phenomenon, 
which causes the rays to bend towards the Earth surface. It 
increases with the air mass; the highest value for a horizontal 
beam is about 0.6° at sea level. Refraction causes the Sun to 
still appear above the horizon although it may already be sunk 
below astronomically. Furthermore, the vertical refraction 
gradient leads to the flattening of the Sun disc near 
sunset/sunrise, which is more prominent at elevated sight. Sun 
flattening is simulated in Figure 10, as 0.5° by 1° telescopic 
sections (left 0 km, middle 3 km and right 10 km altitude). 
We prefer to use true astronomic (airless) zenith angles in our 
model, so it will be necessary convert the apparent view angle 
θv of the scene into the true angle by subtraction the refraction 
angle value ζ, which could be calculated by the Bennett’s 
refraction formula in degrees [74]: 

ζ = 1/60/tan[90°-θv+7.31/(94.4°-θv)] 

Nevertheless, this formula is not suitable for high altitudes 
with negative elevations on extended scenes; therefore we 
introduce the following formula instead, which incorporates 
the altitude corrected view air mass (ζ in degrees): 

ζ = mvR/57 

Since the calculation of the air mass necessitates the view 
angle in turn, this refraction value will only be used in the 
computation of the incidence angle γ in order to avoid any 
iteration: 

cosγ = sinθs·sin(θv+ζ)·cos∆ϕ+cosθs·cos(θv+ζ) 

       

Figure 10 – Sun Flattening Simulation 



3.9 Rayleigh & Mie Proportioning 

To estimate the contributions of both molecule and aerosol 
scattering within the mixed layer without taking any 
integration, the Hoffman-Preetham implementation is chosen, 
where both Rayleigh and Mie scattering are proportioned 
according to their coefficient values [7]: 

F = [R(λ)·ΨR+M(λ)·ΨM]/[R(λ)+M(λ)]·(1-e-[R(λ)+M(λ)]·m(θv)) 

A rule known as “independent scattering” is applied here, 
which states that scattering by one particle is independent of 
the other as long as the distance between the particles is 
greater than the particle size [9]. In this way, the Mie 
scattering will dominate with thriving haze, causing the sky 
luminance distribution recede from Rayleigh. This is in 
parallel with the outcome of the polarimetric study, where has 
been shown that the proportion of the sky that follows the 
Rayleigh model is high for clear skies, but it decreases more 
or less under cloudy conditions [11]. This Hoffman-Preetham 
solution was criticized by Nielsen, mainly for two artifacts; 
the first being the directional Rayleigh dependence causing a 
dark band in the atmosphere, secondly it disregards the effect 
of altitude [8]. In our model, the removal of the first 
discrepancy will be explained in the next section; the second 
will be eliminated by replacing the scattering coefficients by 
the altitude corrected optical depths, and by adding the scale 
heights into the proportion, as follows: 

FR(λ,θv,H) = (1-e
-τvR-τvM)·hR·τvR/(hR·τvR+hM·τvM) 

FM(λ,θv,H) = (1-e
-τvR-τvM)·hM·τvM/(hR·τvR+hM·τvM) 

In our model, hR = 7·hM, hence the following equations can 
be written, where the common term S will be called as the 
scatter ratio: 

S = (1-e-τvR-τvM)/(7·τvR+τvM) 
 

FR(λ,θv,H) = 7·τvR·S 
FM(λ,θv,H) =   τvM·S 

The total diffuse luminance function will thus be the sum of 
the two in-scatter functions FR and FM:  

F(λ,γ,θv,H) = (7·τvR·ΨR+τvM·ΨM)·S 

The contribution of individual Rayleigh & Mie scattering is 
simulated separately in Figure 11 top and bottom, 
respectively, their superposition constituting Figure 1. 

 

 

Figure 11 – Rayleigh & Mie Scattering Simulated Separately 

3.10 Diffuse Transmittance and Multiple Scattering 

This model holds well for small optical thickness, i.e. τ < 1, 
which can only be assumed when the Sun & view directions 
are close to zenith. Otherwise, the extinction of the radiation 
throughout the medium should be taken into account. For 
very dense media, the observed sky brightness should wane 
(compare a thick glass) which cannot be deduced from the 
derived formula above. The energy lost will be the sum of the 
out-scattered and absorbed portion, due to the law of 
conservation of energy. The transmittance Ť hence should 
also follow the exponential Beer-Lambert law: 

ŤO = e
-τO 

ŤR = e
-τR 

ŤM = e
-τM 

The first transmittance to deal with relates to the ozone 
layer. Ozone molecules absorb the visible light in the 
Chappuis bands, with two peaks at 575 and 603 nm. The 
ozone layer is on top of the scattering air & aerosol layers 
(Figure 5). Hence the absorption can be assumed along the 
Sun direction and the optical depth τO (between the points 
X2/X0 or X3/X4) is calculated by: 

τO = O(λ)·m0O(θs)·σO(Hs) = O(λ)·mO(θs) 

Ozone layer has floating thickness changing with latitude 
and season (Figure 12), which affects the quantity of 
absorption. 



 

Figure 12 – Seasonal Ozone Thickness Distribution 

Chappuis distribution is highly different from the flat 
exponential Rayleigh function; therefore the selection of the 
same wavelengths which were already opted for Rayleigh 
would result in a twilight scene with wrong colors. Since the 
ozone absorption curve is fairly straight below 575 nm, the 
same wavelength of 440 nm can be used here as well for blue. 
But this symmetry is absent for the green light; although 
ozone absorption declines strongly for the left part of the 
green CMF, it does not rise in the same rate for the right side. 
The consequence of the integration will then be a net decrease 
in green absorption quantity. In order to equalize this amount, 
a lower wavelength should be chosen where the absorption is 
less, for instance 520 nm. Furthermore, the red component 
needs to be adjusted because the Chappuis proportion is 
smaller around the 510 nm negative peak, compared to 
Rayleigh. This in turn necessitates a levering of the red, by 
shifting the wavelength down to e.g. 665 nm. 

Corresponding absorption cross-sections, as extracted from 
the available data [40][46][47], are roughly 1.9, 1.9 and 0.19 
(·10-21 cm2/molecule) for 665 nm, 520 nm and 440 nm, 
respectively. Multiplying those values with 2.68·1016 
molecules/cm2 per Dobson Unit (DU), the following 
coefficients are calculated for ozone absorption: 

O(R) = 0.000050·DU 
O(G) = 0.000050·DU 
O(B) = 0.000005·DU 

 Assuming the ozone concentration as 300 DU on average, 
the RGB coefficients become 0.015, 0.015 and 0.0015. The 
ozone transmittance ŤO can therefore be calculated easily with 
the presented coefficients and the corresponding air mass 
formula. 

But the calculation of the scatter transmittances ŤR and ŤM 
is not as simple, mainly because of the two factors, namely 
the optical path variation and the effect of multiple-scattering. 
The change in the light path will be analyzed first: 

When the Sun and view directions coincide (γ = 0), all the 
rays follow the same path with τv = τs. But once the directions 
differ, the ray paths will be different for each parallel beam 
from the Sun along the scattering layer width. For each 

sample position X along the viewing direction between X0 
and X1, we will need to cast a ray in the sunlight direction θs 
and find where this ray intersects with the layer (Figure 5). 
The general equation for the scattered luminance will be the 
integral of the product of the transmittance and the in-scatter: 

Y = Y0·∫Ť(x)·F(x)·dx 

The density functions and air mass calculations introduced 
herewith are approximations for the in-scatter integrations 
such that we take this term out of the integral: 

Y = Y0·F·∫Ť(x)·dx 

At this point, an analytic affinity will be proposed for this 
integral as to avoid numerical integration: 

From Figure 5 can be deduced that the uppermost solar ray 
intersecting the view direction at X0 follows the path of length 
τv along the lower layer until the observer position X1. The 
lowermost ray in contrast follows the path of length τs. Any 
ray in-between will trace a length of τv < τ < τs (or the 
opposite when the Sun elevation is higher than the view 
elevation). The path length integrated for all rays entering the 
layer between the points X0 – X4 is the effective transmittance 
path length, shown in gray in Figure 5. Its length would be the 
geometric mean of τv and τs, i.e. √τv·√τs. So, the square-root 
of the view and Sun optical depth products will be pertained 
for the calculation of the scatter transmittances:  

ŤR = e
-√τvR·√τsR 

ŤM = e
-√τvM·√τsM 

At this point, it should be reminded that all the coefficients 
R(λ), M(λ) and O(λ) used in the optical depth calculations 
represent in fact the attenuation, i.e. scatter plus absorption. 
The ratio of the scatter to attenuation is called the single-
scatter albedo ω. Ozone is absorbing-only such that ωO = 0. 
Since the scatter functions F include optical depth terms with 
attenuation coefficients, they should be multiplied with the 
associated albedo values. Although the absorption is 
negligible for the Rayleigh regime (ωR = 1), it should be 
accounted for the haze particles. In the literature, the Mie 
absorption is generally taken as one-nineth of its scattering 
(ωM ≈ 0.9) [12][18][28][35]. Nevertheless, this depends both 
on the type of the particles and also on the wavelength. ωM is 
generally smaller for the case of pollution/smoke, whereas it 
is higher when haze is fog-based. Example values are ωM ≈ 
0.95 for rural, ωM ≈ 0.75 for urban and ωM ≈ 0.98 for 
maritime atmosphere @ 60% RH [42]. Consequently, the Mie 
scatter function FM will be multiplied with ωM: 

FM(λ,θv,H,ω) = ωM·τvM·S 



The extinction due to the increased optical depth at low 
elevation angles causes the sky luminance to fade at the 
vicinity of the horizon. The brightest part is observed at 2° 
above the horizon for clear skies, which moves up with higher 
turbidity [10]. The lowest horizontal dim portion is called the 
Dark Segment [64].  

The next step is an analytic solution for the multiple-
scattering event. Although single-scattering predominates for 
clear skies and high Sun elevations such that ignorance of 
multiple-scattering may still give plausible renderings, second 
and higher order scattering should be accounted for low 
elevation/twilight & high turbidity conditions. Since the 
scatter exponent α for air molecules and most aerosols is 
greater than one, they scatter short waves more than long 
waves. So any model that neglects multiply-scattered light 
will produce undue reddening and darkening which increases 
with the optical path length of light through the atmosphere, 
making single-scattering simulations least reliable near the 
horizon and at twilight [10]. 

The result of multiple-scatter is a decrease in the effective 
path length, which is applied e.g. in the simulation tool 
Skycolor as 30% [10]. Similarly, computed irradiances in the 
single-scatter model by Nishita (1993) are about one-third 
less than the measured values, which indicate that the 
multiple-scattering should be responsible for ⅓ of the sky 
irradiance. His improved model with second order integration 
(1996) still underestimates the values, although lesser. For 
both, the chromaticity remains quite different from the 
libRadtran results near the horizon and for sunrise and sunset 
[32]. Bruneton proposed a solution based on an exact 
computation for zero- and single-scattering, and uses an 
approximation of occlusion effects to compute multiple-
scattering [18]. 

Beer-Lambert law dictates the average distance along 
which 63% of the photons are either scattered or absorbed, 
although each photon travels a random distance in a 
probabilistic way. The scattered photons however have a new 
direction of propagation, along which they are again 
subjected to the same exponential rule with a probability of 
re-scattering, until they are either absorbed or reach the 
lower/upper boundary of the layer. When the anisotropic term 
g is one, no photons can exit the atmospheric layer back into 
the space; when it is zero (unidirectional) in contrast, half of 
them are expected to escape. On the other hand, the bottom 
layer is the Earth ground, so they are either absorbed or 
reflected back such as the scattering probability continues. 

As such, the contribution of multiple-scattering depends 
upon the anisotropy g, the single-scatter albedo of the layer ω 
and the reflectivity of the ground surface Řg. The net result is 
always an increase in the transmittance, since multiple-
scattering events redirect some of the photons back into the 
forward direction. 

One of the simplest possible analytic solutions to the 
problem of multiple-scattering is known as the two-stream 
radiative transfer model, in which the radiation field is 
decomposed into backward and forward streams. The total 
transmitted fraction of flux, including the contribution from 
all scattering orders, through a homogeneous scattering 
medium with a normal optical depth τ for an incident plane-
parallel beam normal to a layer is given by van de Hulst and 
rewritten by Ben-David in a different form [38]: 

x = 1-[ω·(1+g)/2] 
   z = √(1- ω)·√(1- ω·g) 

 
Ť(τ,ω,g) = 1/[cosh(τ·z)+x·sinh(τ·z)/z] 

This equation transforms into the following form for the 
case of lossless, isotropic Rayleigh regime (ωR = 1, gR = 0): 

ŤR = 2/(2+τR) 

Regarding the Mie scattering, the general formula can be 
approximated by modifying the optical depth. For typical 
values of ωM = 0.9 and gM = 0.83, the similarity-transformed 
(or adjusted) optical depth under multiple-scattering will be 
roughly equal to one-sixth of the single-scatter depth: 

ŤM = e
-τM/6 

Using the effective transmittance path lengths aforesaid, 
both transmittances can now be expressed as: 

ŤR = 2/(2+√τvR·√τsR) 
ŤM = e

-√τvM·√τsM/6 

A similar implementation is preferred by Elek-Kmoch [22] 
and by Haber et al. [72], by assuming an effective multiple-
scattering coefficient, RM’ = (1−gM)·RM during the pre-
computation process. Note that for gM = 0.83, RM’ ≈ RM/6. 

Another impact of multiple-scattering by haze is that it 
obscures the clarity of the sky. The process of multiple-
scattering gradually blurs out fine angularly dependent effects 
from the phase function, as the light distribution becomes 
more isotropic [12][22][23][72]. An analytic solution to this 
problem will be a dynamic decline of anisotropy, as the 
turbidity or the optical path of aerosols increases. This would 
mean that ΨR and ΨM should approach one, independent of 
the incidence angle γ, for very large values of M(λ) or msM. In 
our model, this is realized by modifying the phase functions 
through the introduction of a multi-scatter degrader d. We 
will utilize the expanded version of the Cornette-Shanks 
formulation, which was proposed by Draine [33]: 

Ψ  = 1+d·cos2γ 
CM = 3·(1-g

2)/(3+d+2·d·g2) 
PM = (1+g

2−2·g·cosγ)-1.5 
 

ΨM = CM·PM·Ψ 



For anisotropic3 Rayleigh scattering (gR = 0), this equation 
simplifies to: 

CR = 3/(3+d) 
ΨR = CR·Ψ 

The multi-scatter degrader d is figured out as: 

MH = M(G)·σM(H) 
d  = 0.94·e

-MH 

MH is the monochromatic Mie coefficient, corrected for 
altitude. The exertion of this non-spectral value relieves the 
multi-scatter parameter from being wavelength dependent. 
The coefficient of 0.94 ensures that the Rayleigh phase 
function ΨR coincides with our aforementioned choice, as 
proposed by Chandrasekhar, for pure Rayleigh regime. With 
increasing haze, the multi-scatter degrader d will be reduced, 
hereby diminishing the common directional cos2γ term. 

Nevertheless, this measure not sufficient for the Mie phase 
distribution; the anisotropy factor g must be degraded as well. 
But here, g will be further set back with the optical path 
length, such that the circumsolar ring is broadened at low 
solar elevation to resemble the bell shape. This turns out to be 
a better solution (see4 Figure 13) than to derogate the 
intensity near the horizon e.g. using the term I·√cosθv as 
Hosek-Wilkie did. The resulting empirical equation will then 
become: 

g = d·e-0.02·msM 

 

Figure 13 – Simulated Bell Shape with θs = 87° 

For a clear sky (T = 3), g = 0.83 at a solar elevation of 30˚ 
but drops to 0.8 at 15˚ and to 0.2 at sunset. This dynamic 
adjustment of the directionality term g provides a closer 
alignment with the observations against a constant value. 

Ozone layer being at the top the scattering layer, the ozone 
transmittance ŤO will be applied both to Rayleigh & Mie 
functions (which is fulfilled by integrating it into the scatter 
ratio S); whilst the Rayleigh and Mie transmittances are 
plugged into their associated indicatrices under the principle 

                                                           
3 The anisotropy of the Rayleigh scattering does not mean an independence 
from the incidence angle, but rather that the forward- and backward- 
scattered quantities are equal to each other (g = 0). 
4 Solar disc/aureole simulation disabled for clarity. 

of independent scattering. By redefining the Rayleigh & Mie 
components, the resulting scatter equation will now become: 

S  = (1-e
-τvR-τvM)/(7·τvR+τvM)·e

-τO 
 
FR =   7·τvR·S·ŤR·CR 
FM = 0.9·τvM·S·ŤM·CM·PM 
 
F  = (FR+FM)·Ψ 

The ground albedo Řg (surface reflectance) brings about a 
brighter sky by increasing the effective transmittance, as 
referred by Hosek-Wilkie [3]. Since this can be adjusted by a 
brightness multiplier, our model excludes that for simplicity. 
However, Řg may change with λ as well; sea reflects the blue 
higher such that a maritime sky gets more cerulean but a 
desert sky is yellowish in contrast. This spectral reflectance 
can be compensated in our model to some extent by altering 
the ozone concentration DU, up for maritime and down for 
desert. 

3.11 Turbidity 

For the determination of the spectral Mie attenuation 
coefficients M(λ), we need to know the Ångström parameters 
βÅ and α. However, an immediate measurement of these 
parameters is not possible; a common method is to gauge the 
Direct Normal Irradiance (DNI) in the Sun direction and 
compare it against the well-known extra-terrestrial irradiance 
I0. The ratio I/I0 will then give an average optical depth τ if 
the Beer-Lambert equation is used: 

I/I0 = e
-τ 

This optical thickness τ represents the total attenuation 
(Ozone, Rayleigh, Mie, etc.). If the extinction caused only by 
the molecules could be determined (which is assumed to be 
constant), then it would be possible to express the turbidity T 
in terms of the ratio of the optical thickness of the haze 
atmosphere (aerosols + molecules) to the optical depth of the 
atmosphere with molecules alone (clear sky), named as τcs 
[25]:  

T = τ/τcs = (τcs+τsM)/τcs = 1+τsM/τcs 

Theoretically, the minimum value for the turbidity can be T 
= 1, implying an aerosol-free atmosphere, with a maximum 
DNI of I = Ics. Hosek-Wilkie declare T = 2 for a very clear, 
Arctic-like sky, T = 3 for a clear sky in a temperate climate, T 
= 6 for a sky on a warm & moist day, T = 10 for a slightly 
hazy day and T > 50 for dense fog [3]. The Mie coefficient 
could then be calculated as such: 

M = τcs/ms·(T-1) = δcs·(T-1) 

δcs is the attenuation coefficient of the theoretical pure 
haze-free air, ms represents the relative optical Sun air mass 



for the general air mixture with its all constituents, as 
explained before. One problem here is that the Mie 
coefficient obtained by this equation is a broadband value 
lacking spectral λ-dependence. Much effort has been spent in 
getting a consistent value for δcs because the measurements 
always showed a variance throughout the day as the Sun 
elevation (so the air mass ms) alters even if the haziness 
remains practically unchanged. The value for δcs becomes 
highest when the Sun stays at zenith (ms = 1) but declines 
with the increase of θs and hence ms. 

The turbidity coefficient T explained above was first 
defined by Linke in 1922; his formulae for the relationship 
between the attenuation coefficient δcs and the air mass ms as 
well as the resulting Linke turbidity coefficient TL are: 

δcs = 0.128-0.054·log(ms) 
TL  = ln(I0/Ics)/δcs/ms 

 In 1980, Kasten reviewed this relationship with his 
pyrheliometric formula: 

δcs = 1/(9.4+0.9·ms) 
TLK = ln(I0/Ics)/δcs/ms 

TLK is known as the Kasten-reviewed Linke turbidity 
coefficient. Based on new measurement campaigns 
incorporating satellite images, other formulations with 4th 
order polynomials have been proposed [50], all of which 
exhibit a strong dependency upon the air mass. This addiction 
is attributed to the definition of the turbidity as the ratio of the 
broadband optical depths, from UV to far IR; however the 
spectrum of the incident sunlight, or the spectral 
transmittance of the atmosphere, is air mass dependent. This 
causes the weighed Rayleigh & Mie coefficients to change 
with the solar elevation; at angles close to zenith, the rich 
blue rays raise δcs whereas it is lowered with the reddening of 
the Sun. In a study by Kocifaj has been shown that this 
dependency becomes derogated when the spectrum is 
confined to the luminous range around 550 nm [45]. 

In 2002, Perez and Ineichen offered a new air mass 
independent formulation for the Linke turbidity coefficient, 
which additionally includes an altitude correction term b [51]: 

b   = 0.664+0.163/e
-H/8 

TLI = 1+[11.1·ln(b·I0/Ics)/ms] 

Although introduced as “air mass independent”, this 
formulation still shows some lesser dependence (Figure 14). 
Because of its consistency of turbidity throughout the day, the 
Ineichen-reviewed Linke turbidity coefficient TLI has been 
selected for our model. The default clear-sky value will be 
taken as TLI = 3 pursuant to the study by Inman et al. [52]. 

 

Figure 14 – Clear Sky Optical Depth vs. Air Mass 

The relationship between the Kasten-reviewed Linke factor 
TLK2 (TLK @ ms = 2) and the aerosol optical depth (AOD) τsM 
@ 550 nm is worked by Ineichen, including altitude and 
humidity [49]. His equation can be simplified for sea level as:  

TLK2 = 7.79·τsM(0.55)+2.2+0.376·ln(w) 
     = 7.79·M(0.55)·2+2.2+0.376·ln(w) 

Here, w is the integrated precipitable water vapor content 
of the atmosphere expressed in cm. Ineichen states that TLI 
should be used instead of TLK2 for ms ≠ 2. We will try to keep 
our model as simple as possible and not to include an 
additional parameter w; so this equation will be further 
reduced to: 

M(G) = 0.06·(TLI-2+1/TLI) 

This coincides with the original formula by Ineichen, when 
w = 0.17 for a very clear sky (T = 2) and w = 1.2 for a turbid 
sky (T = 8) are chosen as the probable values. 

Many models take the Mie coefficients for the RGB 
channels equal, implying that the Ångström exponent α is 
zero, in order to simplify the calculations [12][18][28][35]. In 
a work by Bruneton, Mie parameters of several well-known 
models are computed by ”inverting” the libRadtran model, by 
choosing values that minimize the root mean square error 
(RMSE) between the libRadtran results and the 
measurements [32]. The obtained values are βÅ = 0.04, α = 
0.8, g = 0.7 and T = 2.5 for clear sky. The exponent α may 
exhibit a small variance over the visible spectrum, e.g. Bird-
Riordan suggest to use α1 = 1.0274 for λ < 0.5 µm and α2 = 
1.2060 for λ > 0.5 µm [41]. This is a general behavior 
observed on Mie attenuation graphs where the curves tend to 
get steeper with increasing wavelength [42]. 

Hoffman-Preetham incorporated a dynamic Ångström 
exponent gradient, which decreases with increasing βÅ and 
makes this way the Mie scattering more monochromatic; the 
values for α1/α2 are found to be 3.1/1.6 for light haze, 1.7/1 
for heavy haze, 0.8/0.5 for light fog and 0 for heavy fog [36]. 
The throttling of α is in line with the fact that very high 



turbidity (overcast) generally stems from water droplets, 
which have diminutive wavelength dependence. Our 
proposed model similarly changes the Ångström exponent α 
in a dynamic way as a function of g (which depends on d and 
such on T), by determining the Mie coefficients for the red 
and blue channels by the following plain equations: 

M(R) = M(G)·(0.89-0.11·g) 
M(B) = M(G)/(0.89-0.11·g) 

Instead of converting the Mie attenuation to fully 
achromatic by zeroing the Ångström exponent α under 
surplus fog, which paints the sky with excessive blue, the 
exponents are hereby allowed to drop to their halves. With 
the above formulation, the maximum value for α1 = 1 @ g = 
0.83; it vanishes to α1 = 0.5 as the anisotropic term g fades to 
zero. Although the red component has the same multiplier, α2 
will be higher per se, because the red wavelength should be 
slipped from 680 nm leftwards. This shift is a result of the 
lower 510 nm content owing to the smaller Mie exponent, 
compared to the Rayleigh case (α < 4). 

Turbidity can also be estimated using the meteorological 
range Rm as shown in Figure 15. It is defined as the distance 
under daylight conditions at which the apparent contrast 
between a black target and its background (horizon sky) 
becomes equal to the threshold contrast of an average 
observer (≈ 0.02), and it roughly corresponds to the span up 
to most distant discernible geographic feature [25]. The 
equation for the relation between the visible range Rm (km) 
and the extinction coefficient k (km-1) can be expressed by the 
Koschmieder equation: 

k·Rm = -ln(0.02) ≈ 3.9 

Total horizontal extinction k @ 520 nm and sea level is the 
sum of the Rayleigh and Mie contributions per km, such that 
the Koschmieder equation can be rewritten as5: 

[R(0.52)/hR+M(0.52)/hM]·Rm = 3.9 
[0.12/8.4+M(0.52)/1.2]·Rm = 3.9 

So it is possible to find the Mie coefficient for the green 
channel as: 

M(G) ≈ M(0.52) = 4.7/Rm -0.017 = 1.2·k -0.017 

This value for M(G) can be inserted back into the Ineichen 
formula in order to obtain the turbidity. For an atmosphere 
containing no aerosols, the maximum theoretical value for the 
meteorological range will be Rm ≈ 280 km. The relation 

                                                           
5 The preferred wavelength for range calculations is 520 nm which may 
stem from the fact that it corresponds to the vertex of the horseshoe type CIE 
color gamut. The resulting minimum (Rayleigh) extinction coefficient is 
thus calculated as k = 0.014/km. 

between the luminous extinction coefficient k and the 
turbidity T can be roughly expressed as follows, whereupon 
the correlation T·Rm ≈ 65 should hold except for clear sky:  

k  ≈ 0.05·(TLI-1.7+1/TLI) 
Rm ≈ 65  /(TLI-1.7+1/TLI) 

 

Figure 15 – Meteorological Range vs. Turbidity 

3.12 Direct Transmittance, Aureole & Limb Darkening 

Actual sky luminance distributions obtained through HDR 
fisheye images are far more complex than the mathematical 
sky models, especially within the circumsolar (aureole) 
region, which significantly varies in size and intensity with 
the turbidity and water mass [24]. Many of the models 
approximate Mie scattering by using the Henyey-Greenstein 
function, which is only a poor estimation. Comparing the 
Cornette-Shanks phase function with a typical aerosol phase 
function clearly shows that the analytical model lacks the 
peaks near 0˚ and 180˚ (Figure 16) [32]: 

 

Figure 16 – Mie Phase Function 

Considering those forward and backward peaks of the true 
phase functions, Zhang incorporated two exponential decay 
terms into the Henyey-Greenstein model [34]: 

ΨM = C·[1+a·e
-k·γ+b·e-k’·(180°-γ)]/(1+g2−2·g·cosγ)1.5 



The backward peak can be disregarded in that the Mie 
scattering is dominant during daylight when the Sun is above 
the horizon and therefore the rear lobe will be below the 
horizon and hence not visible. But the front lobe, namely the 
innermost area within 2.5° of Sun center is considered in field 
radiometry as direct rather than diffuse irradiance, where the 
peak radiance is a function of AOD (see Figure 17, where 
AOD is represented with β) [54]. Still in contrast to thin 
clouds like cirrus which transmit the direct irradiance, thick 
clouds block the circumsolar peak such that for increasing β, 
the peak aureole radiance starts to decline again after some 
optimum β value (≈ 0.15). Gueymard-Ivanova modeled the 
ratio of direct to diffuse radiation as: 

FA = (A0+A1·γ))/(1+A2·γ) 

The coefficients A0, A1 and A2 contain 2nd order 
polynomials of both β and the relative air mass ms [54]. 

The graph in Figure 17 exhibits a decline of the aureole 
radiance to its one fifth from 1° of incidence angle to 6°, 
consistent to results of a similar work by Ritter & Voss [76]. 
However, within the first degree around the solar disc center, 
the direct radiance of the disc itself is overwhelming, which is 
apparently missing in that chart; a more accurate graph 
including the sun disc of angular radius ± 0.26° is given in 
Figure 18 [77]. The giant direct radiation attenuates near the 
circle border, starting ca. @ γ = 0.2°, a phenomenon known 
as “limb darkening”. The aureole radiance drops to about 5‰ 
of its initial value just outside the disc @ γ = 0.3° and 
depreciates one tenth further @ γ = 1°, also verified through 
an analogous study by Green et al. [75]. 

 

 

Figure 17 – Aureole Radiance vs. Incidence Angle 

 

Figure 18 – Direct/Aureole Radiance vs. Incidence 

In our model, we incorporate a simple empirical term FA 
for aureole contribution into the in-scatter function F: 

CA = MH·g/10   « γ ≥ 0.26° 
CA = 7.2·10

4·cosγ-7.19988·104 « γ < 0.26° 
PA = 1/{1-cos[max(γ,0.26°)]} 
 
FA = ŤA·CA·PA 
 
F  = (FR+FM+FA)·Ψ 

For γ > 0.26°, the phase function is inversely proportional 
to (1-cosγ), which can be approximated to γ2 for small angle 
values. The aureole peak initially increases with growing MH, 
the altitude corrected monochromatic Mie coefficient, up to T 
≈ 6, but then declines back because it is shaped with the Mie 
anisotropic term g, which fades steeper with thriving fog. The 
produced circumsolar peak values for different turbidity rates 
coarsely conform to those in Figure 17 and 18. For the 
rendering of the Sun disc for γ < 0.26°, PA is limited to a 
constant value of 100,000 and CA decreases gradually from 
1.2 at the disc center to 0.48 at the circumference, in order to 
reflect the limb darkening effect into the design (see Figure 
20). Limb darkening coefficient will then be 0.6, in parallel 
with the observations [78]. The average value of CA within 
the solar disc is unity such that the extra-terrestrial luminance 
of the disc amounts to L0 = 1.9 Gcd/m2. 

Since the aureole is caused by the solar direct radiance, it is 
necessary to multiply the equation with the single-scatter 
solar transmittance Ťs, which is the product of the Ozone, 
Rayleigh and Mie single-scatter transmittances in the Sun 
direction, in order to get the endo-atmospheric luminance: 

Ťs = ŤsO·ŤsR·ŤsM = e
-τO-τsR-τsM 

At relatively high solar elevations, the brightest part of the 
sky forms a circle surrounding the Sun symmetrically; but in a 
hazy sky near sunset/sunrise, it is situated asymmetrically 
above the Sun resembling rather an ellipse or hyperbola. This 
occurs because of the sharp vertical intensity gradient due to 
the relatively high Mie absorption. The above formula 



disregards this fact, such that the simulated aureole is always 
circular, as can be seen on the telescopic 3° by 3° sectional 
view (Figure 19, left). Therefore instead of taking the solar 
transmittance Ťs which uses the Sun vertical angle θs, the 
aureole transmittance ŤA should rather be calculated by 
inserting the view angle θv in order to obtain a convincing 
appearance6 (Figure 19, right): 

ŤA = e
-τO-τvR-τvM 

    

Figure 19 – Vertical Aureole Transmittance Handling 

Applying the view angle to the aureole transmittance (ŤA 
instead of Ťs) assures a correct vertical color gradient within 
the disc at high turbidity (Figure 20).  

 

Figure 20 – Hazy Sunset Rendering 

Nevertheless, the single-scatter solar transmittance Ťs can 
yet be useful to devise the mean color of the Sun disc. The 
normalized RGB triplet vs for the Sun tint can be constructed 
by dividing the value of Ťs for each channel to that of the red 
channel, since the red luminance is always higher than green 
and blue due to reddening7 caused by attenuation:  

vs(R) = 255 
vs(G) = 255·Ťs(G)/Ťs(R) 
vs(B) = 255·Ťs(B)/Ťs(R) 

                                                           
6 Note that the Rayleigh & Mie view optical depths, τvR and τvM, are already 
used in scatter ratio computations; however Ozone view optical depth is not 
needed anywhere else. Therefore the ozone transmittance is still obtained via 
the Sun optical depth τsO = τO instead of the view optical depth τvO for speed 
optimization. This measure does not result in any recognizable distortion 
because the ozone air mass increases rather slowly even near horizon. 
7 Although the Sun disc becomes rather reddened during sunset/sunrise, it 
looks almost white in photographs or renderings because of saturation, 
unless a very low exposure is chosen. This is due to its extreme luminance, 
which can be figured out by multiplying L0 with Ťs. 

3.13 Twilight 

As the Sun sinks towards the horizon, the underlying 
physics becomes more complex. The atmospheric layers 
facing the Sun (solar quarter-sphere) receive more direct 
sunlight as compared to the opposite azimuth (anti-solar 
quarter-sphere). When the Sun is below the apparent horizon, 
all of the illumination visible to an observer comes from 
scattering. The radiance of skylight degrades exponentially 
during twilight; the brightness decreases 106 times between 
the sunset (upper bound of civil twilight) and the onset of 
deep night (lower bound of astronomical twilight) which is a 
fairly short period of only 1½ to 2 hours at moderate 
latitudes. The light intensity level during twilight ranges 
within the mesopic vision, which is located between the 
colored photopic and the monochromatic scotopic vision 
[72]. 

The calculation of scattered flux during twilight is a well 
complicated problem that requires a detailed treatment of 
multiple-scattering. It is difficult to assemble a generalized 
yet quantitative description of twilight with its enormously 
complex colors [64]. Neither naked-eye observations nor 
single-scattering models can adequately describe twilight 
chromaticity [26]. Under these circumstances, semi-analytical 
approaches will be introduced in our model; while still based 
on physics, they ought to conform to actual observations as 
well. 

The first phenomenon of twilight is the Earth shadow, 
which blocks the Sun beams to reach the lower atmospheric 
layer of the anti-solar side. The deeper the Sun sinks below 
the horizon, the higher will rise the lit part of the atmosphere, 
creating a Dark Segment at the bottom, which will be 
investigated in the next section. In contrast, only the inferior 
parts of the solar-side air layer will be sunlit, such that the 
shining portion will be crushed down as the twilight 
propagates. The zenith brightness will hence be much fainter 
than the horizontal luminance. In order to fuse this fact to our 
model, the twilight indicatrix FW has been adjoined into the 
common scatter ratio S, which is composed of the vertical 
gradient term W1/mvR, depending on the view air mass, and 
the darkness term W2: 

FW = e
-W1/mvR-W2 

 
S = (1-e-τvR-τvM)/(7·τvR+τvM)·e

-τO·FW 
S = (1-e-τvR-τvM)/(7·τvR+τvM)·e

-τO-W1/mvR-W2 

The coefficients W1 and W2 are determined empirically: 

W1 = 0.03·max(-Hs,0) 
W2 = 0.03·W1

2 

Hs is the altitude, corrected for Sun depression (Figure 9): 

Hs = H    « θs ≤ 90° 
Hs = H+6371-6371/sinθs  « θs > 90° 



The value of FW is unity if the Sun is above horizon, and 
about 0.05 at 18° solar depression, which is much greater 
than the true rate of 10-6. It is such adjusted that the visible 
scene conforms to the dark adaption of human eye; otherwise 
the least brightness could neither be distinguishable except in 
absolute darkness, nor be displayed on any device because of 
its limited dynamic range. Nevertheless, in order to find the 
final luminance value Y, the scattering indicatrix is needed to 
be multiplied by another term, W3: 

Y = Y0·F·W3 

Ozone absorption has little effect on sky color throughout 
the day. However, during twilight it makes the zenith sky 
bluer and modulates the purple [10]. The ordinary purple 
light often dominates the color of ambient illumination during 
twilight. Maximum purity of purple occurs at a solar elevation 
of circa -4° [62]. The effect on ozone absorption during 
twilight (θs = 94°) is laid down in Figure 21; on the top 
without, and on the bottom with (300 DU) ozone: 

 

 

Figure 21 – Ozone Contribution to Twilight Sky 

The reason for this prominent change is the increased 
ozone relative optical depth. It is the same fact which reddens 
the horizon during twilight; the Rayleigh transmission is more 
blocked for blue light with gaining air mass. The air mass 
actually continues to increase when the solar zenith angle 
exceeds 90°; however, it tends to flatten out at approx. -3.5° 
[61]. For the air molecules, the maximum value of the air 
mass is roughly twice of the horizontal quantity, namely 75. 
For ozone, the change is not as steep because of the higher 
position of its layer, it is found to be approx. 25; but for 
aerosols, the value is about 200. Therefore, the air mass 
formulae should be modified such that they are limited at the 
aforesaid amounts: 

mO  = min(m0O(θs)·σO(Hs), 25) 
msR = min(m0R(θs)·σR(Hs), 75) 
msM = min(m0M(θs)·σM(Hs),200) 

 
mvR = min(m0R(θv), 75)·σR(Hv)  
mvM = min(m0M(θv),200)·σM(Hv) 

The limiting is performed at the computed air mass instead 
of the border solar angle; this ensures a correct rate for high 
altitudes above the sea level. The view air mass values can be 
limited before the altitude correction because Hv is always 
positive; a steady increase in mv is thereby assured. 

During the deep twilight, the solar radiation illuminates 
only the upper atmospheric layers above the horizon directly; 
single-scattering becomes progressively less important [60]. 
Due to the dominant multiple-scattering, the brightness of the 
unlit sky (twilight-glow) drops at a much smaller rate, such 
that the shaded sky-dome roughly maintains a base luminance 
level. This mechanism is implemented by limiting the 
Rayleigh scatter function by a deep-twilight cutoff value CTG: 

CTG = 0.002·σR(H) 
 
F = [max(FR,CTG)+FM+FA]·Ψ 

The vertical gradient term W1/mvR together with CTG induce 
a twilight-glow limiting which commences above a specific 
view elevation, beyond which the brightness remains flat. The 
inception angle (onset of pure multiple-scattering) is a 
function of the solar depression; the restriction will such start 
from zenith at about θs = 99° and sinks down to θv = 50° at θs 
= 100°, conforming to observational data [58]. It drops to θv 
= 65° at θs = 103° (Figure 40). Note that the zenith 
brightness, as displayed on the scene pixels, will stay constant 
beyond the solar elevation angle θs = 99° in order to fit into 
the monitor dynamic range; the absolute zenith luminance 
value on the other hand will continue to diminish due to its 
multiplication with W3. CTG is corrected for altitude by σR(H). 

The zenith color varies during the course of the twilight; it 
may appear slightly reddish regarding the observation data 
[60]. We have yet assumed it to be achromatic (gray) just for 
simplicity. Twilight surface brightness values at zenith (Iz in 
magV/arcsec2) as a function of solar angle θs, averaged from 
available measured data are tabulated below [59][60]: 

θs Iz 

 90  7 

 93 10 

 96 13 

 99 17 

102 20 

105 22 

 
Table 1 – Zenith Twilight Brightness 

Morning zenith is brighter than the evening up to 1 
magV/arcsec2; the reason may be the solar heating of the 
atmosphere during daylight, whereby the molecular density 



decreases in the evening [59]. The zenith surface brightness Iz 
can be converted to zenith luminance Yz (kcd/m2) as per the 
following equation [73]: 

Yz = 108·10
-0.4·Iz 

The coefficient W3 is adjusted such that it conforms to the 
zenith brightness values listed above: 

W3 = e
0.3-0.05·msR-1.7·W1 +10-5 

Tabulated zenith values exhibit a kneeing beyond the solar 
depression angle of about 12°. This is attributed to another 
mechanism, which dominates thereafter, the nightglow. The 
night sky irradiance mainly consists of the zodiacal light (120 
nW/m2), which is sunlight scattered by the dust cloud orbiting 
near the ecliptic plane as a diffuse wedge of light in the solar 
horizon, gradually broadening and erecting along with the 
progress of solar depression. The second contribution is the 
airglow, the faint light primarily emitted by the Na and O 
atoms in the ionosphere (110 km) due to photochemical 
luminescence. The yellow-green airglow is the principal 
source of light (51 nW/m2) in the night sky on moonless 
nights, whereas the diffuse galactic & cosmic light is fainter 
(10 nW/m2) [67]. The zodiacal light as well as the integrated 
starlight is heterogeneous. The night-sky zenith brightness 
values are found to be independent of the observer altitude 
[60]. Therefore has been added to W3 a nightglow constant of 
value 0.00001. Although the nightglow simulation is actually 
out of the scope of our model, the deep-twilight limiting yet 
causes a faint gray residue on the background.  

As a last measure, the common directivity term of both 
Rayleigh & Mie scattering should be modified, since during 
twilight isotropic multiple-scattering occurs on the anti-solar 
side, although anisotropy is maintained on the solar side. For 
this, we will keep on to apply the multi-scatter degrader d for 
the solar side (cosγ > 0) but replace it with g for the anti-solar 
quarter-sphere (cosγ < 0) in the formulation of Ψ. g is nearly 
equal to d for high Sun angles but it diminishes at low solar 
elevations and attains almost zero during twilight: 

Ψ = 1+d·cos2γ  « cosγ ≥ 0 
Ψ = 1+g·cos2γ  « cosγ < 0 

3.14 Belt of Venus 

The shadow of the Earth casts upon the atmosphere 
whenever the Sun is below the horizon. The geometrical 
boundary between the sunlit and shaded atmosphere, called 
the shadow line, is a cylindrical surface in 3D [64]. This line 
can be observed on the anti-solar quarter-sphere, i.e. when 
cosγ is negative, as a half-cosine wave of ±90° in azimuth 
right above the horizon (Figure 22 & Figure 30). It is not a 
sharp boundary; the luminance fades slowly from top to 

bottom in a band, which is called as the Venus Belt. It 
becomes first visible (at dawn) when the solar elevation 
reaches about -6°, though it is not apparent in the photographs 
or videos until about -5° [64]. It appears pinkish due to 
contrast with the upper sunlit and the lower shaded areas. 
During the sunset, it becomes visible just above the horizon 
when the solar elevation drops to -1° (at sea level) but it then 
rises rapidly towards the zenith, nearly with the square of the 
solar depression, while the belt widens and withers. Yet an 
observer at higher altitude can see the shadow, both umbra 
and penumbra, although the Sun is above the apparent 
horizon. The shadow will appear superimposed upon the 
lowest part of the dimmed horizon sky, namely the Dark 
Segment, below the geometrical horizon by an amount of ∆e 
[64]. This feature can be sighted from an airplane or from 
space, just before sunset, when the anti-solar side becomes 
dark. Figure 22 is a full-panoramic simulation of such an 
Earth shadow within the Dark Segment for a solar elevation 
of 0° at an altitude of 20 km: 

 

Figure 22 – Sunset & Earth Shadow @ 20 km Altitude 

The physics of the Earth shadow region visible in the anti-
twilight sky is more complex than just a simple shadow cast 
by the hard Earth through the atmosphere [65]. Analytical 
modeling of higher-order (> 2) multiple-scattering, especially 
in the spherical-shell atmospheres required for twilight 
models is not simple even with the fastest computers [63]. 
There are four principal visual components of the anti-
twilight; the blue Upper Sky extending from zenith 
downward, the reddish Venus Belt, the Blue Band below the 
Belt of Venus which is part of the Earth’s shadow, and the 
Horizon Band between the Blue Band and the horizon which 
is slightly brighter than the Blue Band [65]. The shadow is 
not deep black but bluish since the multiple-scatter from the 
upper sky backfills this shadow, giving rise to the Blue Band. 
Near the ground where the atmosphere is most dense, the 
quantity of multiple-scattering increases, causing a 
brightening and graying within the Horizon Band. It is also 
named as the lower anti-twilight arch; a dim, little-noticed 
reddish band at the bottom of the Dark Segment. 
Nevertheless, it remains visible only as a ghostly white rather 
than red glow along the anti-solar horizon because of its near-
mesopic luminance levels; it can be thus detected by 
luminance contrast [63]. The related vertical positioning of 
the bands as a function of Sun elevation is depicted in Figure 
23 [64]: 



 

Figure 23 – Venus Belt vs. Solar Elevation 

There is very little apparent change in sky color when 
surface albedo Řg increases [65]; abolishing the necessity of 
any relevant compensation. The Dark Segment colors 
scarcely differ from those of the sunlit sky above; its 
apparently distinctive blue is a perceptual artifact likely 
caused by its much lower luminance [63]. The aerosol content 
plays an important role in the Venus Belt visibility; a very 
clear sky causes reds and yellows to become pastel such that 
it looks as a dark bluish band, whereas a high mist reduces all 
its color and luminance contrast with a washed-out facade. 
Figure 24 demonstrates the simulated appearance of the 
Venus Belt at a solar depression of 3° with five different 
turbidities, ranging from T = 2 on the left to T = 7 on the 
right. The picture is created with linear RGB to enhance the 
contrast, and the angular height of the slices is 45°. The best 
aspect for the Venus Belt seems between T = 3 and T = 4. 

 

Figure 24 – Venus Belt vs. Turbidity 

A physically-based computation of the anti-solar 
hemisphere is out of the scope of this paper; an empiric 
approach will be implemented which will produce a 
satisfactory Venus Belt semblance. Following equations are 
employed for that purpose: 

V0 = 89°-∆e-θs  
V1 = (2+∆e)/120 

 
V2 = ∞    « V0 ≥ 0 
V2 = V1·sin(91°+∆e-θv)/(1-cosV0) « V0 < 0 
 
V  = 1+1/max(V2+cosγ,0) 
 
F  = [max(FR/V,Z,CTG)+FM+FA]·Ψ 

The Rayleigh part of the scattering function is modified by 
division to a “Venus” coefficient V and by limiting this part to 
a minimum zenith luminance value Z. V0 is the solar threshold 
angle; the Earth shadow casts when this is negative. For sea 
level, its value corresponds to +1° solar elevation, which is 
the sum of the refraction at horizon, the umbra and penumbra. 
If the Sun stands higher than that, V0 will be positive hence V2 
= ∞. Then the coefficient V will be kept at unity. If the Sun is 
below the threshold, V2 will be assigned a positive finite 
value, decreasing both with the view & Sun depression, 
whereby V increases and FR decreases. But the amount of 
increase in V and decrease in FR depends upon cosγ, thus the 
angular distance from the Sun. The onset of clipping can be 
assumed as the place of the shadow boundary. In the middle 
of the anti-solar side when cosγ = -1, the luminance will be 
clipped as long as V2 < 1. Whilst moving nearer to Sun 
horizontally, the clipping threshold for V2 will become 
smaller than one, implying a lower view elevation. Therefore 
the clipping view angle will track the cosine-shaped shadow 
boundary. The boundary (V2 = 1) will roughly occur at a view 
elevation of 1° for 1° solar depression and at a view elevation 
of 20° for 5° solar depression at sea level. The boundary rises 
with increasing solar depression and touches the zenith at 9°, 
which is the onset of pure multiple-scattering. Beyond 9°, the 
belt crosses into the solar-side (though not visible) and sinks 
back to touch horizon at the end of astronomical twilight, 
explained in the previous section as deep-twilight cutoff.  

In order to prevent the Dark Segment to become solid dark 
and such to enable the existence of the Blue Band, the 
Rayleigh scatter part is not allowed to go lower than a 
minimum luminance value Z, which is the zenith Rayleigh 
luminance FR(θv=0), knowing that the Blue Band is mainly 
the multiple-scatter from the upper sky. That way, the anti-
solar side will exhibit a constant luminance from zenith to 
horizon during deep twilight. The horizon band appears 
extemporaneously on the scene as a residue from the Mie 
scattering, which is highly diffuse under multiple-scattering 
thanks to the decline of the anisotropic term g. The multiplier 
V1 is altitude-adjusted using ∆e, such that the shadow 
boundary lies more or less on the horizon as long as the Sun 
is at zero elevation and it slides down to -∆e when the Sun is 
at +∆e, almost independent of the sight altitude. 

Figure 25 compares the fisheye photograph of a clear 
twilight sky taken at the United States Naval Academy [63] at 
a solar elevation of -2.17° (left) with the simulation (right) by 
our model (T = 2, DU = 280, sRGB mapping). The Dark 
Segment (the Earth shadow looking as a blue crescent) can be 



seen on top of the fisheye. More crosschecks are available in 
the Conclusion section. 

    

Figure 25 – Earth Shadow in Fisheye View 

Figure 26 displays simulated Venus Belt slices for T = 3 at 
1° solar elevation intervals, ranging from -4° on the left to 
+1° on the right. The pictures are produced with linear RGB 
mapping to enhance the contrast and they have an angular 
height of 45°. 

 

Figure 26 – Venus Belt vs. Solar Depression 

The obtained spectral brightness values as a function of 
view elevation angle prove a good match with the 
reconstructed images of a real time-lapse video [64]. 

3.15 Tone Mapping 

Tone mapping is the process of compressing images with 
high dynamic range into a narrower interval of brightness so 
they can be discerned by traditional display devices. The 
available 256 discrete intensity levels for each color channel 
with standard RGB pixel definition are far less than the real 
world high dynamic range (HDR). Without tone mapping, 
some parts of the sky image (especially near the Sun) will be 
too bright or even saturated (Figure 27, top). Dimming the 
intensity to prevent repletion would not be any solution since 
in that case the remaining parts of the image become too dark 
(Figure 27, bottom). The process of tone mapping hence 

reduces the contrast while maintaining the image integrity 
(see Figure 1, top). 

 

 

Figure 27 – Clear Sky Panorama with Linear RGB 

Tone mapping operators for HDR imagery are often 
nonlinear, usually logarithmic as to correspond to human 
vision system. In fact, the gamma correction embodied in 
sRGB color space is also some sort of tone mapping, but it 
has lower dynamic range and a washed-out view (Figure 28). 
The formula for the gamma correction with sRGB is: 

G = 12.92*F   « F ≤ 0.0031308 
G = 1.055*F5/12 -0.055  « F > 0.0031308 

 

Figure 28 – Clear Sky Panorama with sRGB 

Global tone mapping operators are spatially invariant, i.e. 
they apply the same function to all pixels in the image, 
therefore computationally efficient and easy to implement. On 
the other hand, local tone mapping functions compress each 
pixel value according to the luminance values of its own and 
of the neighboring pixels [70]. Logarithmic mapping of 
intensities, including gamma correction, are conducted per-
pixel, which introduce a significant computation overhead, 
and is not well suited for a real time environment [8]. One 
exception is the Reinhard global tone mapping operator 
which includes a reciprocal term [69]: 

Ld = L/(1+L) 

High luminance values are scaled by approximately 1/L, 
while low ones are kept nearly unchanged. The denominator 
causes a graceful blend between these two rates. This 
formulation is guaranteed to bring all brightness values within 
displayable range between 0 and 1. 



The Reinhard operator, albeit very simple and fast, has the 
highest score in a performance evaluation of seven well-
known techniques [66]. Therefore we will primarily adapt this 
function to our model. Reinhard offers the input luminance L 
to be auto-scaled by using the “world” luminance, the log-
average luminance of the scene [69]. However this is 
troublesome in terms of speed, since it necessitates that all the 
pixels should be processed and saved beforehand. Therefore 
we skip this action and directly use the scatter function output 
F. The scaling will be performed manually by the user via a 
brightness adjustment, enabling a controllable burnout 
whenever necessary. Normally, the tone mapping operator is 
applied to the luminance channel, keeping the chromaticity 
untouched. The luminance can be computed by the following 
formula, where F is the pixel output of the scatter function for 
each color channel [20]: 

L = 0.2125·F(R)+0.7154·F(G)+0.0721·F(B) 

Modifying only the luminance usually leads to images 
which appear too saturated. A common approach to color 
correction is to post-process the tone mapped image by means 
of a power function with an exponent between 0 and 1 [71]. 
When it is zero, the image is converted into grayscale; if it is 
one, no color correction will be made. We opt here neither to 
deal with the luminance nor to use a costly power function; 
instead we will process the scatter function output of each 
color channel independently by the Reinhard operator, which 
greatly simplifies the calculation. This choice reduces the hue 
in bright areas (it approaches to white color), thereby 
eliminating artifacts of saturated halos or rims, typical with 
linear RGB (compare Figure 13, Figure 19 and Figure 27, 
top). In other words, the exponent mentioned above is close 
to unity for dark regions and it goes to zero for brilliant areas. 
sRGB has inherently the same saturation scheme since each 
color is independently corrected for gamma, minimizing this 
way any discolored saturations (see Figure 28). Yet the 
Reinhard version used here results in lesser washout, because 
of its pretty compression at low brightness. Linear RGB may 
be tried whenever higher color contrast is needed. 

To get the final pixel value v in the range 0 ~ 255 (either 
the linear vL without HDR or Reinhard mapped vR with HDR 
or the sRGB mapped vG) the output for each color channel 
will be multiplied by an adjustable brightness value B, of 
which the default value is 150 for vL/vG and 300 for vR (to 
allow some burnout): 

vL(λ) = B·F(λ) 
vG(λ) = B·G(λ) 
vR(λ) = B·F(λ)/[1+F(λ)] 

A “soft” version of Reinhard mapping with brightness 
control but yet without burnout is possible if the following 
equation is applied: 

vR’(λ) = B·F(λ)/[1+B·F(λ)/256] 

Figure 29 visualizes the output of such Soft-Reinhard 
mapping, the bottom picture having triple brightness. 

 

 

Figure 29 – Clear Sky Panorama with Soft-Reinhard 

Despite that the sky model produces natural (physically 
correct) hue levels, the renderings may occasionally appear 
somewhat pale to the user; therefore a simple and fast color 
enhancement option has been added to the algorithm: 

F’(λ) = F(λ)·{[F(λ)/F(G)-1]·h+1} 

F’(λ) is the “vivid” indicatrix and h the vividness 
coefficient. Sample rendering with h = 1 is given in Figure 
30, which should be compared against Figure 28 where h = 0. 

 

Figure 30 – Vivid Clear Sky Panorama with sRGB 

4. IMPLEMENTATION 

To demonstrate the performance of the semi-analytical 
approach explained herein, an interactive WEB tool 
PanoRendo has been designed (Figure 31). PanoRendo is 
written in HTML/JavaScript in order to achieve portability 
and OS independence. The basic parameters such as the Sun 
azimuth & elevation angles (corresponding to ∆φ and θs), the 
observer sight altitude H, the haze TLI, the ozone thickness 
DU and the luminance B can be entered freely. Tone mapping 
can be set to Linear, sRGB, Soft or Reinhard. The scene 
resolution is 800x200 pixels, which displays the full 360° by 
90° rectangular panoramic view at an angular resolution of 
0.45° (27 arc-minutes) per pixel. It can be zoomed seamlessly 
towards horizon to inspect sunrise/sunset, twilight or Venus 
Belt colors in detail. It incorporates a fisheye mode as well. 



 

Figure 31 – PanoRendo User Interface 

To draw the sky scene onto the display canvas, the view 
azimuth and elevation angles (φv and θv) should be scanned 
from 0° to 360° and 0° to 90°, respectively, for the full 
panoramic mode; and the tone-mapped RGB output of the 
scatter function v(λ) is to be written to each pixel. This 
requires that the function is called 160,000 times, summing 
up to an execution period of approx. 1.2 sec during our test. 
The sketch algorithm however is optimized by arranging the 
variables; those which are not a function of either φv or θv are 
calculated once (per scene) prior to the scanning. Many 
variables are a function of the view elevation only; they are 
calculated per row. Only the azimuth-dependent ones (cosγ 
for example) are computed per pixel. This measure cuts the 
execution time by six times down to nearly 0.2 sec. The 
variables are tabulated in the Appendix according to their 
refresh schemes. The derivation of each variable mentioned in 
the paper is summarized withal. Each time a user parameter is 
changed, the scan is repeated and the canvas refreshed. The 
operator can thence experiment with different values as to 
grasp the effect of each parameter on the sky appearance. 

The framework has further been inserted into another WEB 
tool by the author, Evkat, where the geographical coordinates 
(latitude, longitude and altitude) are received either manually 
or by GPS, and together with the system clock, the solar 
elevation/azimuth is computed in real-time. Ozone thickness 
is estimated there by the following simple empirical formula 
in approximation with Figure 12, using the observer latitude 
Φ and the true ecliptic solar longitude Ω: 

DU = 250+50·sin2(1.3·Φ)·[4-3·sin2(Ω/2)]   « Φ ≥ 0 
DU = 250+50·sin2(1.5·Φ)·[1+2·sin2(Ω/2)]   « Φ < 0 

Ecliptic longitude Ω is zero at the vernal equinox, 90° at 
the summer solstice, 180° at the autumn equinox and 270° at 
the winter solstice for the northern hemisphere. The only free 
parameter remained will then be the turbidity T, which can 
easily be adjusted by the operator by means of a sliding bar. 

The fisheye mode is based on the polar equidistant 
projection, with the zenith at the center and the horizon on the 
circumference (Figure 32). The equidistant transformation 

requires that the ratio of the angular distance of a point on the 
sky-dome from the zenith (θv) to the elevation of the zenith 
(90°) corresponds to the ratio of the radial distance l of the 
point’s horizontal projection from the centre of the fisheye 
image to the image radius r [20]: 

Θv/90° = l/r 

 

Figure 32 – Fisheye Projections 

The fisheye canvas is arranged as 400x400 pixels; 
consequently by taking the value of 200 for the radius r, the 
Cartesian coordinates x and y with respect to the canvas 
center can be calculated as: 

x = -θv/0.45°·cosφv 
y =  θv/0.45°·sinφv 



In order not to demolish the speed optimization explained 
before, the computations for fisheye are performed with 
nested loops of elevation & azimuth, the same way as if 
rectangular projection, but then the results are placed into the 
relevant pixels with the coordinates calculated above. For low 
view zenith angles θv, i.e. when close to the center, the 
azimuth resolution collapses, so φv can be incremented by 
larger steps within the azimuth loop, in order to speed up the 
process without generating gaps. The optimum tessellation 
step size in pixels is found by: 

∆φv = 27/θv 

Nonetheless, the execution time doubles for fisheye 
projection (≈ 0.4 sec), partly because of the still increased 
number of loops and partly because of the two extra 
trigonometric functions to find x and y for each pixel. Figure 
32 contains sample fisheye simulations with θs = 60° (left) 
and θs = 90° (right), turbidity T ranging from 3 (top) to 12 
(bottom). 

5. CONCLUSION 

With the study described in this paper, a semi-analytical 
single-pass solution for the sky rendering has been put forth, 
which is deprived of any pre-computing or numerical 
integration, such that it can be fast and flexible at the same 
time. Besides clear and turbid daylight conditions, 
sunrise/sunset or twilight intervals can also be simulated with 
adequate performance. Empiric approaches are employed for 
the anti-solar side to facilitate a reliable reproduction of the 
Venus Belt, as well as for the solar aureole. The 
implementation comprises adjustment of ozone thickness and 
observer sight elevation above the sea level. Distinct features 
of the model can be bulleted as: 

• unique altitude corrected air mass functions for each layer 
• specific RGB wavelengths for every particle type 
• optical depth based Rayleigh & Mie proportioning 
• geometrical mean approximation for scatter trace length 
• two-stream radiative transfer model for ray transmittance 
• multi-scatter degrader to alter phase function directivity 
• dynamic aerosol coefficients & anisotropy factor 
• solar aureole & disc handling with limb darkening 
• dipped scene for elevated observer sight 

An interactive WEB-based application has been designed 
for demonstrative purposes; it provides easy access and 
device independence. The straightforward user interface with 
its sub-second responsiveness facilitates to experiment with 
the basic rendering parameters. 

To evaluate the fidelity of the model, the zenith luminance 
levels are compared against the formula stipulated in 1984 by 

the LBL team (Karayel et al.) through the analysis of 11,900 
clear sky zenith luminance values (in kcd/m2) for various 
solar elevations (2° ~ 75°) and turbidities (1.5 ~ 8.5) [57]: 

Lz = (1.376·TL−1.81)/tanθs+0.38 

The zenith luminance grades of our model and the LBL 
formula above match within +30/-5% for all solar elevations 
@ T = 3. For different turbidity values the deviation becomes 
greater, which may be likely attributed to that the turbidity 
expressed in the above formula is the Linke turbidity 
coefficient TL, contrary to the Ineichen turbidity coefficient 
TLI designated in our model. Also note that there is large 
discrepancy between the former Preetham results and the later 
LBL outcomes; Preetham zenith luminance values (in kcd/m2) 
calculated per the following formula are found to be twice 
higher than that of the LBL in general: 

Yz = (4.0453·T-4.971)·tan[(8/9-T/60)·(90°-θs)] 
     -0.2155·T+2.4192 

Another benchmark is possible with the Sky Luminance 
Distribution Model provided in 1999 by Igawa et al., where a 
normalized global illuminance Nevg is defined, which is 
approximately 1 for clear sky and 0.2 for overcast sky, 
regardless of the solar elevation [27]. The corresponding 
zenith luminance values are sketched in Figure 33, devised 
through a dataset containing solar elevations up to 76°: 

 

Figure 33 – Zenith Luminance vs. Nevg 

Igawa also presented luminance curves of meridional scan, 
which are curves created by scanning along sky meridians, 
i.e. across zenith angles at a fixed azimuth [26]. 0° azimuth 
(direction of Sun) and 90° azimuth (perpendicular to Sun) 
curves for Nevg = 1 (left), Nevg = 0.6 (center) and Nevg = 0.2 
(right) are shown in Figure 34. 

Both the zenith & meridional luminance curves emcee a 
decent overlap with our model, up to 60° solar elevation, 
under the following assumption: 

Nevg = 2/√T 



According to that equation, a clear sky with Nevg = 1 
corresponds to T = 4, an intermediate sky with Nevg = 0.6 to T 
= 11 and an overcast sky with Nevg = 0.2 to T = 100. The 
equation is in consistency with the tentative determination 
that the relationship between the incident radiance and the 
square root of turbidity is approx. linear [30]. 

       

Figure 34 – Meridional Luminance vs. Nevg 

The efficiency of the framework submitted herein will be 
attested by some comparisons between the photographs taken 
by the author8 and the corresponding simulations (Figure 35 
to 47; photo on left, simulation on right). The captured 
environment is at 1 km altitude above the sea level and the 
ozone thickness is estimated as 330 DU per Figure 12. 
Reinhard tone mapping is applied in the rendered simulations 
and the brightness is manually adjusted for best match. 

    

Figure 35 – Clear Sky Simulation (θs = 61°, T = 3) 

    

Figure 36 – Clear Sky Simulation (θs = 68°, T = 2) 

                                                           
8 All photos are taken with SONY Cyber-shot DSC-WX50 in Program 
Mode, White Balance: Daylight, EV: 0, ISO: Auto. 

 

 

Figure 37 – Clear Sky Simulation (θs = 77°, T = 3) 

 

    

Figure 38 – Clear Sky Simulation (θs = 86°, T = 3) 

    

Figure 39 – Sunset Simulation (θs = 88°, T = 3) 

    

Figure 40 – Twilight Simulation (θs = 96°, T = 2) 

    

Figure 41 – Twilight Simulation (θs = 103°, T = 2) 



    

Figure 42 – Overcast Sky Simulation (θs = 87°, T = 60) 

    

Figure 43 – Overcast Sky Simulation (θs = 94°, T = 30) 

    

Figure 44 – Venus Belt Simulation (θs = 90°, T = 3) 

    

Figure 45 – Venus Belt Simulation (θs = 91°, T = 3) 

    

Figure 46 – Venus Belt Simulation (θs = 92°, T = 3) 

    

Figure 47 – Venus Belt Simulation (θs = 93°, T = 3) 

Although the tool has been designed to be as simplistic as 
possible, the model itself allows the trimming of other 
parameters such as the anisotropic term g or the single-scatter 
albedo ω, whereby different environmental states (rural, 
urban, desert, maritime etc.) can be inserted into the 
simulation. It is further possible to mimic the atmospheric 
conditions of other planets, by simply changing the basic 
coefficients in the model. Below is presented a quick 
adaptation of the model for a Martian sky rendering. 

Estimating parameters for the Martian atmosphere is 
limited by the availability of both physical data and viable 
visual reference. It weights about 5‰ of the Earth’s 
atmosphere and has a scale height of about 11 km, consisting 
of mainly (> 95%) CO2. It further contains a high amount of 
aerosols, mainly iron oxide dust, which let the atmosphere 
appear in its characteristic red-yellowish color because the 
iron oxide scatters the red light more than the blue [68]. 
Therefore the Mie parameters for Martian sky are modified 
accordingly. Rayleigh scattering is negligible due to the 
sparseness of the atmosphere, so we set the indicatrix FR to 
zero as to omit the Rayleigh scattering; however we will keep 
a distinct set of coefficients R(λ) to compensate for molecular 
absorption. Ozone handling is disabled, since there is no such 
layer in the Martian atmosphere. A ground-level Martian 
simulation is hence possible by very few alterations of the 
coefficients: 

FR = 0 
DU = 0 
 
R(R) = 0.1 
R(G) = 0.1 
R(B) = 0.1 
 
M(R) = 0.25 
M(G) = 0.2 
M(B) = 0.15 

The photo in Figure 48 (left) is captured by NASA's Mars 
Exploration Rover Spirit in 2005 [68]. On the right is 
illustrated the simulation with the aforementioned parameters. 



    

Figure 48 – Martian Sunset Simulation (θs = 90°) 
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APPENDIX 

 

Parameter Description Refresh Rate 

θs Sun zenith angle by user 

φs Sun azimuth angle by user 

H Observer altitude above sea level by user 

T Ineichen turbidity coefficient by user 

Φ Observer latitude by user 

Ω True ecliptic solar longitude by user 

DU 
DU(Φ, Ω) 

Ozone thickness 
by user 

estimated 

B Brightness multiplier by user 

h Vividness coefficient by user 

θv View zenith angle per row 

φv View azimuth angle per pixel 

γ Incidence angle per pixel 

∆e Horizon downshift due to altitude per scene 

Hv Tangent height in view direction per row 

Hs Tangent height in Sun direction per scene 

mvR Rayleigh air mass in view direction per row 

mvM Mie air mass in view direction per row 

msR Rayleigh air mass in Sun direction per scene 

msM Mie air mass in Sun direction per scene 

mO Ozone air mass in Sun direction per scene 

O(λ) Ozone absorption coefficient per scene 

R(λ) Rayleigh absorption coefficient constant 

M(λ) Mie absorption coefficient per scene 

MH Monochromatic Mie coefficient, corrected for altitude per scene 

d Multi-scatter degrader per scene 



g Mie anisotropic term per scene 

τvR(λ) Rayleigh optical thickness in view direction per row 

τvM(λ) Mie optical thickness in view direction per row 

τsR(λ) Rayleigh optical thickness in Sun direction per scene 

τsM(λ) Mie optical thickness in Sun direction per scene 

τO(λ) Ozone optical thickness in Sun direction per scene 

ŤR(λ) Rayleigh multi-scatter transmittance per row 

ŤM(λ) Mie multi-scatter transmittance per row 

ŤA(λ) Aureole single-scatter transmittance per row 

Ťs(λ) Sun single-scatter transmittance per scene 

W1 Twilight vertical scale coefficient per scene 

W2 Twilight darkness coefficient per scene 

W3 Twilight luminance coefficient per scene 

CTG Deep-twilight cutoff coefficient per scene 

V0 Venus Belt shadow threshold per scene 

V1 Venus Belt altitude correction per scene 

V2 Venus Belt vertical scale coefficient per row 

V Venus Belt horizontal scale coefficient per pixel 

Ψ Common phase function per pixel 

S(λ) Scatter ratio per row 

FR(λ) Rayleigh indicatrix per row 

FM(λ) Mie indicatrix per pixel 

FA(λ) Aureole indicatrix per pixel 

Z(λ) Zenith Rayleigh scatter per scene 

F(λ) Total indicatrix per pixel 

Y(λ) Total luminance per pixel 

F’(λ) Color enhanced indicatrix per pixel 

vL(λ) Linear RGB pixel output per pixel 



vG(λ) Gamma-corrected sRGB pixel output per pixel 

vR(λ) Reinhard RGB pixel output per pixel 

vR’(λ) Soft RGB pixel output per pixel 

vs(λ) Sun normalized RGB pixel output per scene 



 

DU = 250+50·sin2(1.3·Φ)·[4-3·sin2(Ω/2)] « Φ ≥ 0 
DU = 250+50·sin2(1.5·Φ)·[1+2·sin2(Ω/2)] « Φ < 0 

cos∆e = 6371/(6371+H) 

Hv = H      « cosθv > 0 
Hv = H+6371-6371/sinθv    « cosθv ≤ 0 

Hs = H      « cosθs > 0 
Hs = H+6371-6371/sinθs    « cosθs ≤ 0 

mvR = min[√(250000·cos
2θv+1001)–500·cosθv,75]·e

-Hv/8.4 

mvM = min[√(2250000·cos
2θv+3001)–1500·cosθv,200]·e

-Hv/1.2 

msR = min[(√(250000·cos
2θs+1001)–500·cosθs)·e

-Hs/8.4,75] 

msM = min[(√(2250000·cos
2θs+3001)–1500·cosθs)·e

-Hs/1.2,200] 

mO = min[(√(15625·cos
2θs+251)–125·cosθs)·e

-Hs/40,25] 

cosγ = sinθs·sin(θv+mvR/57)·cos(ϕv-ϕs)+cosθs·cos(θv+mvR/57) 

O(R) = 0.000050·DU 
O(G) = 0.000050·DU 
O(B) = 0.000005·DU 

R(R) = 0.04 
R(G) = 0.09 
R(B) = 0.25 

M(G) = 0.06·(T-2+1/T) 
M(R) = M(G)·(0.89-0.11·g) 
M(B) = M(G)/(0.89-0.11·g) 

MH = M(G)·e
-H/1.2 

d = 0.94·e-MH 

g = d·e-0.02·msM 

τvR = R(λ)·mvR 

τvM = M(λ)·mvM 

τsR = R(λ)·msR 

τsM = M(λ)·msM 

τO = O(λ)·mO 

ŤR = 2/(2+√τvR·√τsR) 

ŤM = e
-√τvM·√τsM/6 

ŤA = e
-τO-τvR-τvM 



W1 = 0.03·max(-HS,0) 

W2 = 0.03·W1
2 

W3 = e
0.3-0.05·msR-1.7·W1 +10-5 

V0 = 89°-∆e-θs 

V1 = (2+∆e)/120 

V2 = ∞      « V0 ≥ 0 
V2 = V1·sin(91°+∆e-θv)/(1-cosV0)   « V0 < 0 

V = 1+1/max(V2+cosγ,0) 

Ψ = 1+d·cos2γ « cosγ ≥ 0 
Ψ = 1+g·cos2γ « cosγ < 0 

S = (1-e-τvR-τvM)/(7·τvR+τvM)·e
-τO-W1/mvR-W2 

FR = 21/(3+d)·τvR·ŤR·S 

FM = 2.7·(1-g
2)/(3+d+2·d·g2)/(1+g2−2·g·cosγ)1.5·τvM·ŤM·S 

FA = ŤA·MH·g/10/(1-cosγ)    « cosγ ≤ 0.99999 
FA = ŤA·(7.2·10

9·cosγ-7.19988·109)  « cosγ > 0.99999 

Z = FR(θv=0) 

CTG = 0.002·e
-H/8.4 

F = [max(FR/V,Z,CTG)+FM+FA]·Ψ 

Y = 104·W3·F
 

F’(R) = F(R)·{[F(R)/F(G)-1]·h+1} 
F’(G) = F(G) 
F’(B) = F(B)·{[F(B)/F(G)-1]·h+1} 

vL = B·F’ 

vG = B·12.92*F’     « F’ ≤ 0.0031308 
vG = B·(1.055*F’

5/12 -0.055)   « F’ > 0.0031308 

vR = B·F’/(1+F’) 
vR’= B·F’/(1+B·F’/256) 

Ťs = e
-τO-τsR-τsM 

vs(R) = 255 
vs(G) = 255·Ťs(G)/Ťs(R) 
vs(B) = 255·Ťs(B)/Ťs(R) 


